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Abstract. Stochastic gradient descent (SGD) has been in the center of
many advances in modern machine learning. SGD processes examples
sequentially, updating a weight vector in the direction that would most
reduce the loss for that example. In many applications, some examples
are more important than others and, to capture this, each example is
given a non-negative weight that modulates its impact. Unfortunately, if
the importance weights are highly variable they can greatly exacerbate
the difficulty of setting the step-size parameter of SGD. To ease this
difficulty, Karampatziakis and Langford [6] developed a class of elegant
algorithms that are much more robust in the face of highly variable im-
portance weights in supervised learning. In this paper we extend their
idea, which we call “sliding step,” to reinforcement learning, where im-
portance weighting can be particularly variable due to the importance
sampling involved in off-policy learning algorithms. We compare two al-
ternative ways of doing the extension in the linear function approxima-
tion setting, then introduce specific sliding-step versions of the TD(0)
and Emphatic TD(0) learning algorithms. We prove the convergence of
our algorithms and demonstrate their effectiveness on both on-policy and
off-policy problems. Overall, our new algorithms appear to be effective
in bringing the robustness of the sliding-step technique from supervised
learning to reinforcement learning.

Keywords: reinforcement learning · temporal difference learning · off-
policy

1 Importance weighting in SGD

In recent years, deep learning has dominated the field of machine learning, mak-
ing advances in natural language processing, image recognition, and many other
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areas. At the heart of deep learning is stochastic gradient descent (SGD), which
processes a series of random examples (xt, yt), t = 0, 1, 2, . . . one at a time, and
adjusts the weight vector w ∈ Rn in the direction that would most reduce the
loss J between the target yt and its estimate ŷ(xt;w):

wt+1 = wt − α∇J(yt, ŷ(xt;wt)),

where α is the step-size parameter that controls the amount of adjustment to w
in each time step t.

In many applications, some examples are more important than others. For
instance, the score of a final exam is usually weighted more than midterms
or quizzes. One person’s consumer preference may bias towards one company
more than another. Nonnegative scalars called importance weights, denoted h,
are given to examples to quantify their relative importance. Importance weights
appear in many machine learning algorithms, including boosting [3], covariate
shift [5], active learning [1], and reinforcement learning [7, 13] algorithms.

One way of incorporating importance weights into SGD is to scale the gra-
dient by h linearly, and thus the update changes to αh∇J . If α is not made
sufficiently small, a large h may result in overshooting an example’s target, re-
sulting in a greater loss than before the update. This problem is illustrated in
Fig. 1(a). We could use a small step-size parameter to account for updates with
large importance weights, but this might make unnecessarily small updates for
other examples, resulting in unreasonably slow learning.

To address this problem, Karampatziakis and Langford [6] developed a class
of algorithms that are much more robust in the face of highly variable importance
weights in supervised learning. Their idea, which we call “sliding step” would
sub-divide w’s update into k steps, each with a step-size parameter of αh/k. In
each of the k steps, we recompute the gradient and adjust the weight vector in
the newly computed direction. By tending k to infinity, the step-size parameter
αh/k becomes infinitesimal, we acquire a new class of algorithms. In Fig. 1(b),
the trajectory of wt along the loss surface can be seen to be sliding towards
the optimum weight for example (xt, yt), giving rise to the name sliding step.
Because the gradient is recomputed in each of the k steps, the gradient of the loss
will tend to 0 along the k steps as the estimate tends to yt. Thus, the estimate
ŷ(xt;wt+1) will never overshoot yt.

In this paper, we extend the sliding step idea from supervised learning to re-
inforcement learning, specifically, to a class of temporal difference (TD) learning
algorithms. Unlike supervised learning algorithms, the target of the linear TD up-
date is also an estimate that depends on the current value of w. We propose two
new algorithms in the one-step linear function approximation setting: sliding-
step TD and sliding-step Emphatic TD. We prove the convergence of sliding-step
TD and demonstrate both algorithm’s effectiveness on three problems: a 5-state
Markov chain, a 1000-state random walk, and the off-policy “chicken problem”
[4]. Our empirical results suggest our algorithms retain the robustness of the
sliding-step technique from the supervised learning setting.
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(a) without sliding step (b) with sliding step
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<latexit sha1_base64="61JYmnJDbYqaCs41ApUvBN15zag=">AAAB6HicdVDLSsNAFJ34rPFVdelmsAiuQh6S1IVYdCOuWrAPaEOZTCft2MmDmYlQQr/AjQtF3OrHuHcj/o3TVkFFD1w4nHMv99wbpIwKaZrv2tz8wuLScmFFX11b39gsbm03RJJxTOo4YQlvBUgQRmNSl1Qy0ko5QVHASDMYnk385jXhgibxpRylxI9QP6YhxUgqqXbRLZZMw/KcI9eGpnFoO55jKeK6rmeXoWWYU5ROXvTj9PlNr3aLr51egrOIxBIzJETbMlPp54hLihkZ651MkBThIeqTtqIxiojw82nQMdxXSg+GCVcVSzhVv0/kKBJiFAWqM0JyIH57E/Evr53JsOznNE4zSWI8WxRmDMoETq6GPcoJlmykCMKcqqwQDxBHWKrf6OoJX5fC/0nDNizHsGtmqXIKZiiAXbAHDoAFPFAB56AK6gADAm7AHbjXrrRb7UF7nLXOaZ8zO+AHtKcPeUaQYg==</latexit>

Fig. 1. A demonstration of the sliding-step technique on a one dimensional squared
loss surface J = 1

2
(y − ŷ(xt;wt))

2. The blue diamonds indicate the optimum weight
for example (xt, yt).

2 Sliding-step technique in the supervised learning
setting

We discuss the sliding-step technique in the supervised learning setting using the
linear model (i.e., ŷ(x;w) = x>w) and the squared loss. Recall that the sliding
step idea subdivides the SGD update wt+αht(yt−x>t wt)xt into k steps, where
in each of the k steps, the gradient is recomputed and an intermediate update
is made to the weight vector with a step-size of αh/k. Denoting an intermediate
update to w as w̃i, where the subscript corresponds to each of the k steps, we
get the following procedure.

In the first step, we compute the gradient of the loss at wt, and make the
first intermediate update to the weight vector with an adjustment of αht/k:

w̃1 = wt +
αht
k

(yt − x>t wt)xt (1)

In the second step, we recompute the gradient of the loss at w̃1 (i.e., −(yt −
x>w̃1)xt), and make a second intermediate update to the weight vector along
this newly computed direction with an adjustment of αht/k:

w̃2 = w̃1 +
αht
k

(yt − x>t w̃1)xt (2)

= wt +
αht
k

(yt − x>t wt)xt

+
αht
k

(
yt − x>t

(
wt +

αht
k

(yt − x>t wt)xt

))
xt

= wt +

(
2

(
αht
k

)
−
(
αht
k

)2

x>t xt

)
(yt − x>t wt)xt (3)
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To get (3), we plug (1) into w̃1 of (2) and expand the recursion. After the third
step, we obtain:

w̃3 = wt +

(
3

(
αht
k

)
− 3

(
αht
k

)2

x>t xt +

(
αht
k

)3

(x>t xt)
2

)
(yt − x>t wt)xt.

After performing k intermediate weight updates and using the binomial expan-
sion, we obtain:

w̃k = wt +
1−

(
1− αht

k x>t xt
)k

x>t xt
(yt − x>t wt)xt (4)

By setting wt+1 = w̃k and taking k →∞, we obtain:

wt+1 = wt +
1− exp(−αhtx>t xt))

x>t xt
(yt − x>t wt)xt, (5)

using the fact that limk→∞(1 + z/k)k = exp(z).
We could set wt+1 to w̃k in (4) without taking k to infinity. However, the

benefit of using (5) instead of (4) is that we do not need to set a value for the k.
The limit of this gradient procedure as the step-size parameter becomes infinites-
imal allows us to generalize (4) to (5) with only a small additional computational
cost of an exponential function.

The outcome of the sliding-step technique is the following expression replac-
ing the step-size parameter α,

1− exp(−αhx>x)

x>x
. (6)

By comparing (6) to:

min(αhx>x, 1)

x>x
, (7)

we see that (6) is upper bounded by (7) as illustrated in Fig. 2.

min(↵hx>x, 1)

x>x
<latexit sha1_base64="DAhmvzck25X4qTneE9AzOXXDTYc="></latexit>

↵h
<latexit sha1_base64="CEjyGXJ797cE5LPNuqxYRmSBLtY=">AAAB73icbZC7SgNBFIbPeo3xFrUUZDAIqcJuLLQzYGOZgLlAEsLZyWx2yOzFmVkhLCl9ARsLRWxtrPMcdj6DL+HkUmjiDwMf/38Oc85xY8GVtu0va2V1bX1jM7OV3d7Z3dvPHRzWVZRIymo0EpFsuqiY4CGraa4Fa8aSYeAK1nAH15O8cc+k4lF4q4cx6wTYD7nHKWpjNdsoYh+J383l7aI9FVkGZw75q49x9fvhZFzp5j7bvYgmAQs1FahUy7Fj3UlRak4FG2XbiWIx0gH2WctgiAFTnXQ674icGadHvEiaF2oydX93pBgoNQxcUxmg9tViNjH/y1qJ9i47KQ/jRLOQzj7yEkF0RCbLkx6XjGoxNIBUcjMroT5KpNqcKGuO4CyuvAz1UtE5L5aqdr5cgJkycAynUAAHLqAMN1CBGlAQ8AjP8GLdWU/Wq/U2K12x5j1H8EfW+w9ThpPW</latexit>

1/x>x
<latexit sha1_base64="xb5C5WmmAOkbdN9rz3kfzxxsB48="></latexit>

1

x>x
<latexit sha1_base64="syXGAu43xJwdWFnh1w++4ony27E=">AAACF3icbVC7TsMwFHV4lvIKMLJYVEidQlIGGCuxMBaJPlATKsdxWqtOHNkOooryFzDwKywMIMQKGzOfwAeA+xhoy5EsH51zr+69x08Ylcq2P42FxaXlldXCWnF9Y3Nr29zZbUieCkzqmDMuWj6ShNGY1BVVjLQSQVDkM9L0+2dDv3lDhKQ8vlSDhHgR6sY0pBgpLXVMyw0FwpmTZ67PWSAHkf6y2/w6cxVPcjit5h2zZFv2CHCeOBNSqsL7o6/vq59ax/xwA47TiMQKMyRl27ET5WVIKIoZyYtuKkmCcB91SVvTGEVEetnorhweaiWAIRf6xQqO1L8dGYrkcDddGSHVk7PeUPzPa6cqPPUyGiepIjEeDwpTBhWHw5BgQAXBig00QVhQvSvEPaSDUjrKog7BmT15njQqlnNsVS50GmUwRgHsgwNQBg44AVVwDmqgDjC4A4/gGbwYD8aT8Wq8jUsXjEnPHpiC8f4L06ul8w==</latexit>

1 � exp(�↵hx>x)

x>x
<latexit sha1_base64="oDZfUPxzoqCwnU2VXHoa7erFIdY="></latexit>

Fig. 2. Comparing the sliding-step expression 1−exp(−αhx>x)

x>x
to min(αhx>x,1)

x>x
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When αh ≥ 1/x>x, (7) truncates to 1/x>x while (6) smoothly tends to
1/x>x as αh grows. The effect of truncation bounds the size of the update
to w and reduces the variance of the iterates at the expense of bias. When
αh < 1/x>x, (7) is αh, and we return to the original SGD update of αh∇J .
When αh is small, (6) will be approximately αh and the bias introduced will
be small. The sliding-step expression (6) modulates the effects of importance
weights.

3 Reinforcement learning setting

A common formalism used in reinforcement learning (RL) is the Markov decision
process, which consists of a set of states S, a set of actions A, world probability
p : S × A × S → [0, 1], a set of rewards R, and a discount factor γ ∈ [0, 1].
At each discrete time step t, an agent in state St ∈ S takes an action At ∈ A
according to a policy π : S × A → [0, 1]. The agent then transitions from the
state St to a new state St+1 and obtains a numerical reward Rt+1 ∈ R ⊂ R.

We are interested in making long term predictions from each s ∈ S w.r.t. the
policy π:

vπ(s)
.
= Eπ[Rt+1 + γRt+2 + γ2Rt+3 + . . . |St = s] (8)

Temporal difference (TD) learning, a major part of RL, comprises a class of
algorithms that aim to evaluate the state value (8) for each s ∈ S. A key feature
of TD algorithms such as TD [9] and Emphatic TD [13] is bootstrapping, where
the estimate of a state value is updated based on the estimate of the value of
the successor state.

There are on-policy and off-policy TD algorithms. An off-policy TD algorithm
evaluates the policy π based on actions selected by a different behaviour policy,
denoted µ. This results in a different state visitation distribution, and so, the
frequency of the observed rewards will be different than if π were followed. We
can correct this distribution mismatch via importance sampling, allowing us to
compute the expectation under π. Off-policy learning algorithms such as off-
policy TD [7], Emphatic TD [13] and gradient-based TD [12, 11] use importance
sampling ratios to correct for the mismatch in the sampling frequency. The
importance sampling ratio at time step t is defined to be the ratios of the action
probabilities under the two policies: ρt

.
= π(At|St)/µ(At|St), where µ(a|s) > 0

for each state and action for which π(a|s) > 0. If the two policies are the same
(i.e. ρ = 1 for all state and action pairs), then we return to the on-policy case.

For non-tabular settings where an agent only has access to a state’s feature
vector x(s) ∈ Rn, a state value is represented by a function of the state’s features,
parameterized by w ∈ Rn. We shall use x(St) and xt interchangeably throughout
the rest of the paper.

If we have the values of vπ, then we can employ SGD in the supervised
learning setting to update the weight vector:

wt+1 = wt + α
(
vπ(St)− x>t wt

)
xt, (9)
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where x>t wt is the linear function approximation of vπ(St)
The goal is to compute vπ, and we do not have access to this function. We

can construct the one-step bootstrapping target Rt+1 + x>t+1wt in each time
step since the reward and the feature vector of the next state are available. By
replacing vπ(St) in (9) with the one-step bootstrapping target, we obtain linear
TD(0):

wt+1 = wt + α (Rt+1 + γx>t+1wt − x>t wt)︸ ︷︷ ︸
TD error: δt

xt, (10)

Linear Emphatic TD(0) [13] is defined by the following stochastic update to
the weight vector,

wt+1 = wt + αFtρtδtx(St) (11)

where Ft = γρt−1Ft−1 + i(St) and F0 = 1

In the one-step case, F ∈ [0,∞] is the emphasis, which emphasizes a state value’s
update based on the interest expressed for that state. An interest expressed for
a state is defined as the function i : S → [0,∞). Expressing high interest for
a state will shift the accuracy of the estimate towards that state. Because Ft
can take on large values due to interest and importance sampling ratios in the
off-policy setting, one update to w can result in a large change if α is not made
sufficiently small. This motivates the need for a way to robustly account for
importance weights, especially in linear Emphatic TD(0). For the remainder of
this paper, we omit writing the (0) in the following algorithms as we restrict
ourselves to the one-step case.

4 Extending the sliding step idea to reinforcement
learning

We compare two ways of doing the extension in reinforcement learning, and then
introduce specific sliding-step versions of (10) and (11).

At first glance, the extension seems almost straightforward. However, the
target of the TD error in (10) and (11) both depend on the current value of
weight vector wt. Contrary to supervised learning, we have two ways to update
the intermediate weights:

1. semi-gradient: considers only the effect of changing wt on the prediction
while ignoring the effect on the target.

2. full-gradient: considers the effect of changing wt on both the target and
prediction.

4.1 The sliding-step TD algorithm

Following the sliding-step procedure outlined in Section 2, we apply the semi-
gradient approach to the update δtxt in (10) by keeping the target constant
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for each of the k steps, but allow the weight vector in the prediction to change
(boxed below):

w̃1 = wt +
α

k
(Rt+1 + γx>t+1wt − x>t wt)xt

w̃2 = w̃1 +
α

k
(Rt+1 + γx>t+1wt − x>t w̃1 )xt

= wt +

(
2
(α
k

)
−
(α
k

)2
x>t xt

)
δtxt

. . .

w̃k = wt +
1−

(
1− α

kx
>
t xt

)k

x>t xt
δtxt.

By taking k →∞, we obtain sliding-step TD:

wt+1 = wt +
1− exp(−αx>t xt)

x>t xt
δtxt. (12)

4.2 The sliding-step Emphatic TD algorithm

Following similar steps in 4.1, we apply the semi-gradient approach to the update
Ftρtδtxt in (11) and obtain the sliding-step Emphatic TD algorithm:

wt+1 = wt +
1− exp(−αFtρtx>t xt)

x>t xt
δtxt

where Ft = γρt−1Ft−1 + i(St) and F0 = 1. (13)

4.3 Issues with full-gradient approach to TD

There are some issues with applying the full-gradient approach to TD. Applying
the full-gradient approach to TD entails substituting the intermediate weights
into both the target and prediction at each of the k steps (boxed below):

w̃1 = wt +
α

k
(Rt+1 + x>t+1wt − x>t wt)xt

w̃2 = w̃1 +
α

k
(Rt+1 + x>t+1w̃1 − x>t w̃1 )xt.

After k steps and by taking k →∞, we obtain the following variant:

wt+1 = wt +
1− exp(−α(xt − γxt+1)>xt)

(xt − γxt+1)>xt
δtxt. (14)
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Given xt and xt+1 and let c = (xt−γxt+1)>xt, the expression (1−exp(−αc))/c
is a function of α ∈ [0,∞). For various values of c,

c = 0,
1− exp(−αc)

c
is undefined

c > 0, 0 <
1− exp(−αc)

c
≤ 1

c

c < 0,
1− exp(−αc)

c
≥ α

If c is negative, the expression is greater than α and grows exponentially, recre-
ating the original issue of making large updates. Because c can be 0 or negative,
we do not consider the variant (14) in our experiments.

5 Convergence of tabular sliding-step TD with
probability 1

We prove the convergence of on-policy sliding-step TD in the tabular setting
using an existing proof by Tsitsiklis [14]. In the tabular setting, the agent has
access to the states rather than the feature vectors of the states. Let Vt ∈ R|S|
denote a vector of state values of a size equal to the cardinality of state space S.
Then, each component Vt(s), s ∈ S is updated independently and asynchronously
according to:

Vt+1(s) = Vt(s) +
1− exp(−αt(s)κs)

κs

(
Rt+1 + γVt(s

′)− Vt(s)
)
, (15)

where s′ denotes the next state and Rt+1 is the immediate reward obtained after
one state transition. The random sequence of step-size parameters αt(s), one for
each s ∈ S, satisfies the usual step-size conditions of Robbins and Monro [8].
Algorithm (15) defines the value update for state s for time step t = 1, 2, . . . .
If state s is not observed at t, then αt(s) = 0 and no update is made to the
value of state s. If state s is observed at t, then the value of state s changes
while all other state values remain unchanged, similar to tabular TD. We define
κs : S → [0,∞) to be analogous to x(s)>x(s) of the linear sliding-step TD
(12). It can be a user defined function that only depends on state s because (15)
pertains to the update of value for state s.

Theorem 1. Vt(s) defined by the update rule (15) converges to vπ(s) with prob-
ability 1 for all s ∈ S in the case of

1. γ < 1 or
2. γ = 1, and the policy π is a proper stationary policy

under the condition that αt(s) is F(t)−measurable (i.e., αt(s) is a random vari-
able completely determined by the history: V0, S0, α0(S0), R1, . . . , St) and satisfies
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the step-size conditions [8]:

∞∑

t=0

αt(s) =∞,
∞∑

t=0

α2
t (s) <∞ w.p. 1 (16)

Note: (αt(s)) is a separate sequence for each state s ∈ S.

Proof. For each state s ∈ S, we show the random sequence
((1− exp(−αt(s)κs))/κs)t≥0 also satisfy the step-size conditions. Then the rest
follows from Tsitsiklis [14].

Let Xn =
∑n
t=0 1− exp(−αt(s)κs). Since the sequence (Xn)n≥0 is monoton-

ically increasing, the limit of Xn exists. To show that the limit of Xn is equal to
infinity, we use exp(−x) ≤ 1 + x2 − x for x ∈ [0,∞):

1− exp(−κsαt(s)) ≥ κsαt(s)− κ2sα2
t (s),

n∑

t=0

1− exp(−αt(s)κs) ≥ κs
n∑

t=0

αt(s)− κ2s
n∑

t=0

α2
t (s).

Taking the limit of the partial sum,

lim
n→∞

Xn ≥ κs lim
n→∞

n∑

t=0

αt(s)− κ2s lim
n→∞

n∑

t=0

α2
t (s) =∞.

Let Yn =
∑n
t=0(1 − exp(−κsαt(s)))2. Since the sequence (Yn)n≥0 is mono-

tonically increasing, the limit of Yn exists. To show that the limit of Yn is finite,
we use exp(−x) ≥ 1− x for x ∈ [0,∞):

(1− exp(−κsαt(s)))2 ≤ (κsαt(s))
2

n∑

t=0

(1− exp(−κsαt(s)))2 ≤ κ2s
n∑

t=0

α2
t (s).

The limit of the partial sum Yn is finite:

lim
n→∞

Yn ≤ lim
n→∞

κ2s

n∑

t=0

α2
t (s) <∞.

Since κs is a constant given a state, so is 1/κs, and the scaled sequence ((1− exp(−αt(s)κs))/κs)
is also a sequence of step-size parameters that satisfy (16) for each s ∈ S.

6 Convergence result of linear sliding-step TD

If the feature vectors are all of the same magnitude, the on-policy sliding-step
TD in the linear function approximation setting (12) converges to the fixed point
of linear TD defined by (10) with probability 1. We replace the constant α of (12)
with αt (e.g., αt = 1/t, t = 1, 2, . . . ) and let x(s)>x(s) = C for all s ∈ S, then
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(1−exp(−αtC)))/C is a sequence that satisfy the step-size conditions by similar
arguments made in the proof of Theorem 1. Thus, sliding-step TD is linear TD
with a special step-size of form (1 − exp(−αtC))/C, and (12) converges to the
fixed point of linear TD following from the results from Tsitsiklis and Van Roy
[15]. Some examples of feature vectors that have the same magnitude include
the basis unit vectors and normalized feature vectors (i.e., x(s)/

√
x(s)>x(s) for

all s ∈ S).

In general, the behaviour of sliding-step TD depends on the choice of α. When
α is small, the expression (1− exp(−αx(s)>x(s)))/x(s)>x(s) is approximately
α, and sliding-step TD should behave similarly to linear TD. For an α that
is not sufficiently small, the expression (1− exp(−αx(s)>x(s)))/x(s)>x(s) is a
different constant in [0,∞) for different feature vectors x. Although the direction
of the update is determined by δtxt, same as TD, the iterate wt of sliding-step
TD are not averaged the same way as TD. We demonstrate the effect of α by
the following two-state Markov chain experiment:

s1

x = 0.2
<latexit sha1_base64="KeLNddMf0BzRUYWfJfsQJVG9DV0=">AAACB3icbVDLSsNAFJ34rPEVdSnIYLG4KkkRdCMU3bisYB/QhDCZTNqhk0mYmYgldOfGX3HjQhG3/oI7/8ZJm4W2HhjmcM693HtPkDIqlW1/G0vLK6tr65UNc3Nre2fX2tvvyCQTmLRxwhLRC5AkjHLSVlQx0ksFQXHASDcYXRd+954ISRN+p8Yp8WI04DSiGCkt+daRWZO+A13XrLlBwkI5jvWXP0zgJbTrDd+q2nV7CrhInJJUQYmWb325YYKzmHCFGZKy79ip8nIkFMWMTEw3kyRFeIQGpK8pRzGRXj69YwJPtBLCKBH6cQWn6u+OHMWyWFBXxkgN5bxXiP95/UxFF15OeZopwvFsUJQxqBJYhAJDKghWbKwJwoLqXSEeIoGw0tGZOgRn/uRF0mnUHbvu3J5Vm1dlHBVwCI7BKXDAOWiCG9ACbYDBI3gGr+DNeDJejHfjY1a6ZJQ9B+APjM8fdJ6XIg==</latexit><latexit sha1_base64="KeLNddMf0BzRUYWfJfsQJVG9DV0=">AAACB3icbVDLSsNAFJ34rPEVdSnIYLG4KkkRdCMU3bisYB/QhDCZTNqhk0mYmYgldOfGX3HjQhG3/oI7/8ZJm4W2HhjmcM693HtPkDIqlW1/G0vLK6tr65UNc3Nre2fX2tvvyCQTmLRxwhLRC5AkjHLSVlQx0ksFQXHASDcYXRd+954ISRN+p8Yp8WI04DSiGCkt+daRWZO+A13XrLlBwkI5jvWXP0zgJbTrDd+q2nV7CrhInJJUQYmWb325YYKzmHCFGZKy79ip8nIkFMWMTEw3kyRFeIQGpK8pRzGRXj69YwJPtBLCKBH6cQWn6u+OHMWyWFBXxkgN5bxXiP95/UxFF15OeZopwvFsUJQxqBJYhAJDKghWbKwJwoLqXSEeIoGw0tGZOgRn/uRF0mnUHbvu3J5Vm1dlHBVwCI7BKXDAOWiCG9ACbYDBI3gGr+DNeDJejHfjY1a6ZJQ9B+APjM8fdJ6XIg==</latexit><latexit sha1_base64="KeLNddMf0BzRUYWfJfsQJVG9DV0=">AAACB3icbVDLSsNAFJ34rPEVdSnIYLG4KkkRdCMU3bisYB/QhDCZTNqhk0mYmYgldOfGX3HjQhG3/oI7/8ZJm4W2HhjmcM693HtPkDIqlW1/G0vLK6tr65UNc3Nre2fX2tvvyCQTmLRxwhLRC5AkjHLSVlQx0ksFQXHASDcYXRd+954ISRN+p8Yp8WI04DSiGCkt+daRWZO+A13XrLlBwkI5jvWXP0zgJbTrDd+q2nV7CrhInJJUQYmWb325YYKzmHCFGZKy79ip8nIkFMWMTEw3kyRFeIQGpK8pRzGRXj69YwJPtBLCKBH6cQWn6u+OHMWyWFBXxkgN5bxXiP95/UxFF15OeZopwvFsUJQxqBJYhAJDKghWbKwJwoLqXSEeIoGw0tGZOgRn/uRF0mnUHbvu3J5Vm1dlHBVwCI7BKXDAOWiCG9ACbYDBI3gGr+DNeDJejHfjY1a6ZJQ9B+APjM8fdJ6XIg==</latexit><latexit sha1_base64="KeLNddMf0BzRUYWfJfsQJVG9DV0=">AAACB3icbVDLSsNAFJ34rPEVdSnIYLG4KkkRdCMU3bisYB/QhDCZTNqhk0mYmYgldOfGX3HjQhG3/oI7/8ZJm4W2HhjmcM693HtPkDIqlW1/G0vLK6tr65UNc3Nre2fX2tvvyCQTmLRxwhLRC5AkjHLSVlQx0ksFQXHASDcYXRd+954ISRN+p8Yp8WI04DSiGCkt+daRWZO+A13XrLlBwkI5jvWXP0zgJbTrDd+q2nV7CrhInJJUQYmWb325YYKzmHCFGZKy79ip8nIkFMWMTEw3kyRFeIQGpK8pRzGRXj69YwJPtBLCKBH6cQWn6u+OHMWyWFBXxkgN5bxXiP95/UxFF15OeZopwvFsUJQxqBJYhAJDKghWbKwJwoLqXSEeIoGw0tGZOgRn/uRF0mnUHbvu3J5Vm1dlHBVwCI7BKXDAOWiCG9ACbYDBI3gGr+DNeDJejHfjY1a6ZJQ9B+APjM8fdJ6XIg==</latexit>

s2

x = 2
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Fig. 3. The probability of taking the left or right action is 0.5. Taking the left action
in any state results in a reward of -1 and taking the right action in any state results in
a reward of 0.

Since we are interested in how well x>w approximate vπ, we use the root-
mean-squared value error:

RMSVE(w) =

√∑

s∈S
dπ(s)

(
vπ(s)− x>w

)2
(17)

as a measure of the performance of the algorithms. The policy π induces a
Markov chain whose steady-state distribution dπ weighs the squared error term
in (17). In this example, we can compute dπ and vπ exactly.

Given that both states are represented by scalar values, the feature matrix
is of rank 1, smaller than the number of states. Thus, the true state values
cannot be represented exactly. Given that we know the world probability and
the policy, we can compute the fixed point of TD exactly to be -0.59, which
produces a RMSVE of 4.38. This matches our observation for TD in Fig. 4(a)
for optimal α = 0.256. However, the RMSVE of sliding-step TD with optimal
α = 2.048 fluctuated around 3.9 instead, which is statistically lower than 4.38.
As α decreases (e.g., α = 0.128), we saw the performance of sliding-step TD
matching that of the TD as seen in Fig. 4(b), as expected.
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Fig. 4. Illustration of the fixed point of TD and sliding-step TD. Learning curve (a)
shows the RMSVE as a function of wt plotted against steps t for various α’s. Sensitivity
graph (b) shows the optimal α to be 0.256 for TD and 2.048 for sliding-step TD. The
α is searched in powers of 2. The RMSVE for the learning curves are averaged over
500 runs. The RMSVE for the sensitivity graphs are averages of 200 steps and then
averaged over the 500 runs. All figures in this section include error bars for standard
error, but they are smaller than the line width in display.

7 Experiments

We examine the performance of sliding-step TD and sliding-step Emphatic TD
with different feature representations and step-size parameter settings. We focus
on three problems to allow straight forward study of the algorithms. Particularly,
we are interested in the accuracy of the learned estimates, as well as the rate
of learning in each evaluation. To measure how well the state value estimates
approximate vπ, we use the RMSVE as a performance measure. All figures in
this section include error bars for standard error, but they are smaller than the
line width in display.

7.1 Five-state Markov chain

In this on-policy experiment, we test sliding-step TD with various feature repre-
sentations with varying magnitude in the feature vectors (i.e., x>x). This exper-
iment has five states, and the state transitions and rewards are illustrated in Fig.
5. The setting of this experiment is similar to the setup in Bradtke and Barto [2]
with γ = 0.9. However, the rewards consist of both positive and negative values
covering a larger range of values.

Of note, the rank of matrices X1 and X2 equals the number of states, while
the rank of matrices X3 and X4 is less than the number of states. In X3 and X4,
linear functions would not represent all of the state values exactly. The magni-
tude of the feature vectors of matrices X1 and X4 are roughly the same but large,
while that of matrices X2 and X3 vary considerably. We ran each experiment
for 100,000 steps, and results are averaged over 50 independent runs.
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Fig. 5. The state transitions and rewards of the five-state Markov chain.
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X2
<latexit sha1_base64="SDRUZ8m1EHnz1OsALBcvjIIyssw=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4KjNF0GXRjcsK9gHtMGQyaRuaSYYkUyhD/8SNC0Xc+ifu/Bsz7Sy09UDI4Zx7ycmJUs608bxvZ2Nza3tnt7JX3T84PDp2T047WmaK0DaRXKpehDXlTNC2YYbTXqooTiJOu9HkvvC7U6o0k+LJzFIaJHgk2JARbKwUuu4gkjzWs8ReeW8eNkK35tW9BdA68UtSgxKt0P0axJJkCRWGcKx13/dSE+RYGUY4nVcHmaYpJhM8on1LBU6oDvJF8jm6tEqMhlLZIwxaqL83cpzoIpydTLAZ61WvEP/z+pkZ3gY5E2lmqCDLh4YZR0aiogYUM0WJ4TNLMFHMZkVkjBUmxpZVtSX4q19eJ51G3bf88brWvCvrqMA5XMAV+HADTXiAFrSBwBSe4RXenNx5cd6dj+XohlPunMEfOJ8/zHiTvw==</latexit><latexit sha1_base64="SDRUZ8m1EHnz1OsALBcvjIIyssw=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4KjNF0GXRjcsK9gHtMGQyaRuaSYYkUyhD/8SNC0Xc+ifu/Bsz7Sy09UDI4Zx7ycmJUs608bxvZ2Nza3tnt7JX3T84PDp2T047WmaK0DaRXKpehDXlTNC2YYbTXqooTiJOu9HkvvC7U6o0k+LJzFIaJHgk2JARbKwUuu4gkjzWs8ReeW8eNkK35tW9BdA68UtSgxKt0P0axJJkCRWGcKx13/dSE+RYGUY4nVcHmaYpJhM8on1LBU6oDvJF8jm6tEqMhlLZIwxaqL83cpzoIpydTLAZ61WvEP/z+pkZ3gY5E2lmqCDLh4YZR0aiogYUM0WJ4TNLMFHMZkVkjBUmxpZVtSX4q19eJ51G3bf88brWvCvrqMA5XMAV+HADTXiAFrSBwBSe4RXenNx5cd6dj+XohlPunMEfOJ8/zHiTvw==</latexit><latexit sha1_base64="SDRUZ8m1EHnz1OsALBcvjIIyssw=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4KjNF0GXRjcsK9gHtMGQyaRuaSYYkUyhD/8SNC0Xc+ifu/Bsz7Sy09UDI4Zx7ycmJUs608bxvZ2Nza3tnt7JX3T84PDp2T047WmaK0DaRXKpehDXlTNC2YYbTXqooTiJOu9HkvvC7U6o0k+LJzFIaJHgk2JARbKwUuu4gkjzWs8ReeW8eNkK35tW9BdA68UtSgxKt0P0axJJkCRWGcKx13/dSE+RYGUY4nVcHmaYpJhM8on1LBU6oDvJF8jm6tEqMhlLZIwxaqL83cpzoIpydTLAZ61WvEP/z+pkZ3gY5E2lmqCDLh4YZR0aiogYUM0WJ4TNLMFHMZkVkjBUmxpZVtSX4q19eJ51G3bf88brWvCvrqMA5XMAV+HADTXiAFrSBwBSe4RXenNx5cd6dj+XohlPunMEfOJ8/zHiTvw==</latexit><latexit sha1_base64="SDRUZ8m1EHnz1OsALBcvjIIyssw=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSK4KjNF0GXRjcsK9gHtMGQyaRuaSYYkUyhD/8SNC0Xc+ifu/Bsz7Sy09UDI4Zx7ycmJUs608bxvZ2Nza3tnt7JX3T84PDp2T047WmaK0DaRXKpehDXlTNC2YYbTXqooTiJOu9HkvvC7U6o0k+LJzFIaJHgk2JARbKwUuu4gkjzWs8ReeW8eNkK35tW9BdA68UtSgxKt0P0axJJkCRWGcKx13/dSE+RYGUY4nVcHmaYpJhM8on1LBU6oDvJF8jm6tEqMhlLZIwxaqL83cpzoIpydTLAZ61WvEP/z+pkZ3gY5E2lmqCDLh4YZR0aiogYUM0WJ4TNLMFHMZkVkjBUmxpZVtSX4q19eJ51G3bf88brWvCvrqMA5XMAV+HADTXiAFrSBwBSe4RXenNx5cd6dj+XohlPunMEfOJ8/zHiTvw==</latexit>

X1
<latexit sha1_base64="bpnvn9dzhHfUORpo+dNlYg2g82M=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ae0w5DJpG1oJhmSTKEM/RM3LhRx65+482/MtLPQ1gMhh3PuJScnSjnTxvO+ncrG5tb2TnW3trd/cHjkHp90tMwUoW0iuVS9CGvKmaBtwwynvVRRnEScdqPJfeF3p1RpJsWTmaU0SPBIsCEj2FgpdN1BJHmsZ4m98t489EO37jW8BdA68UtShxKt0P0axJJkCRWGcKx13/dSE+RYGUY4ndcGmaYpJhM8on1LBU6oDvJF8jm6sEqMhlLZIwxaqL83cpzoIpydTLAZ61WvEP/z+pkZ3gY5E2lmqCDLh4YZR0aiogYUM0WJ4TNLMFHMZkVkjBUmxpZVsyX4q19eJ52rhm/543W9eVfWUYUzOIdL8OEGmvAALWgDgSk8wyu8Obnz4rw7H8vRilPunMIfOJ8/yvSTvg==</latexit><latexit sha1_base64="bpnvn9dzhHfUORpo+dNlYg2g82M=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ae0w5DJpG1oJhmSTKEM/RM3LhRx65+482/MtLPQ1gMhh3PuJScnSjnTxvO+ncrG5tb2TnW3trd/cHjkHp90tMwUoW0iuVS9CGvKmaBtwwynvVRRnEScdqPJfeF3p1RpJsWTmaU0SPBIsCEj2FgpdN1BJHmsZ4m98t489EO37jW8BdA68UtShxKt0P0axJJkCRWGcKx13/dSE+RYGUY4ndcGmaYpJhM8on1LBU6oDvJF8jm6sEqMhlLZIwxaqL83cpzoIpydTLAZ61WvEP/z+pkZ3gY5E2lmqCDLh4YZR0aiogYUM0WJ4TNLMFHMZkVkjBUmxpZVsyX4q19eJ52rhm/543W9eVfWUYUzOIdL8OEGmvAALWgDgSk8wyu8Obnz4rw7H8vRilPunMIfOJ8/yvSTvg==</latexit><latexit sha1_base64="bpnvn9dzhHfUORpo+dNlYg2g82M=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ae0w5DJpG1oJhmSTKEM/RM3LhRx65+482/MtLPQ1gMhh3PuJScnSjnTxvO+ncrG5tb2TnW3trd/cHjkHp90tMwUoW0iuVS9CGvKmaBtwwynvVRRnEScdqPJfeF3p1RpJsWTmaU0SPBIsCEj2FgpdN1BJHmsZ4m98t489EO37jW8BdA68UtShxKt0P0axJJkCRWGcKx13/dSE+RYGUY4ndcGmaYpJhM8on1LBU6oDvJF8jm6sEqMhlLZIwxaqL83cpzoIpydTLAZ61WvEP/z+pkZ3gY5E2lmqCDLh4YZR0aiogYUM0WJ4TNLMFHMZkVkjBUmxpZVsyX4q19eJ52rhm/543W9eVfWUYUzOIdL8OEGmvAALWgDgSk8wyu8Obnz4rw7H8vRilPunMIfOJ8/yvSTvg==</latexit><latexit sha1_base64="bpnvn9dzhHfUORpo+dNlYg2g82M=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRbBVZkRQZdFNy4r2Ae0w5DJpG1oJhmSTKEM/RM3LhRx65+482/MtLPQ1gMhh3PuJScnSjnTxvO+ncrG5tb2TnW3trd/cHjkHp90tMwUoW0iuVS9CGvKmaBtwwynvVRRnEScdqPJfeF3p1RpJsWTmaU0SPBIsCEj2FgpdN1BJHmsZ4m98t489EO37jW8BdA68UtShxKt0P0axJJkCRWGcKx13/dSE+RYGUY4ndcGmaYpJhM8on1LBU6oDvJF8jm6sEqMhlLZIwxaqL83cpzoIpydTLAZ61WvEP/z+pkZ3gY5E2lmqCDLh4YZR0aiogYUM0WJ4TNLMFHMZkVkjBUmxpZVsyX4q19eJ52rhm/543W9eVfWUYUzOIdL8OEGmvAALWgDgSk8wyu8Obnz4rw7H8vRilPunMIfOJ8/yvSTvg==</latexit>

Fig. 6. Four different feature representations of the five-state Markov chain, each cho-
sen to represent different broad scenarios. Each row of the feature matrix is a feature
vector of a state.
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↵
<latexit sha1_base64="HYO2sZ3xdFgP34YZZhbqPu2Uo+I=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8BLx4jmAckS+idzCZjZmeWmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMirTlDWpEkp3IjRMcMmallvBOqlmmESCtaPx7dxvPzFtuJIPdpKyMMGh5DGnaJ3U6qFIR9gvV/yqvwBZJ0FOKpCj0S9/9QaKZgmTlgo0phv4qQ2nqC2ngs1KvcywFOkYh6zrqMSEmXC6uHZGLpwyILHSrqQlC/X3xBQTYyZJ5DoTtCOz6s3F/7xuZuObcMplmlkm6XJRnAliFZm/TgZcM2rFxBGkmrtbCR2hRmpdQCUXQrD68jppXVUDvxrc1yr1Wh5HEc7gHC4hgGuowx00oAkUHuEZXuHNU96L9+59LFsLXj5zCn/gff4Ah0uPCg==</latexit><latexit sha1_base64="HYO2sZ3xdFgP34YZZhbqPu2Uo+I=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8BLx4jmAckS+idzCZjZmeWmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMirTlDWpEkp3IjRMcMmallvBOqlmmESCtaPx7dxvPzFtuJIPdpKyMMGh5DGnaJ3U6qFIR9gvV/yqvwBZJ0FOKpCj0S9/9QaKZgmTlgo0phv4qQ2nqC2ngs1KvcywFOkYh6zrqMSEmXC6uHZGLpwyILHSrqQlC/X3xBQTYyZJ5DoTtCOz6s3F/7xuZuObcMplmlkm6XJRnAliFZm/TgZcM2rFxBGkmrtbCR2hRmpdQCUXQrD68jppXVUDvxrc1yr1Wh5HEc7gHC4hgGuowx00oAkUHuEZXuHNU96L9+59LFsLXj5zCn/gff4Ah0uPCg==</latexit><latexit sha1_base64="HYO2sZ3xdFgP34YZZhbqPu2Uo+I=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8BLx4jmAckS+idzCZjZmeWmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMirTlDWpEkp3IjRMcMmallvBOqlmmESCtaPx7dxvPzFtuJIPdpKyMMGh5DGnaJ3U6qFIR9gvV/yqvwBZJ0FOKpCj0S9/9QaKZgmTlgo0phv4qQ2nqC2ngs1KvcywFOkYh6zrqMSEmXC6uHZGLpwyILHSrqQlC/X3xBQTYyZJ5DoTtCOz6s3F/7xuZuObcMplmlkm6XJRnAliFZm/TgZcM2rFxBGkmrtbCR2hRmpdQCUXQrD68jppXVUDvxrc1yr1Wh5HEc7gHC4hgGuowx00oAkUHuEZXuHNU96L9+59LFsLXj5zCn/gff4Ah0uPCg==</latexit><latexit sha1_base64="HYO2sZ3xdFgP34YZZhbqPu2Uo+I=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8BLx4jmAckS+idzCZjZmeWmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMirTlDWpEkp3IjRMcMmallvBOqlmmESCtaPx7dxvPzFtuJIPdpKyMMGh5DGnaJ3U6qFIR9gvV/yqvwBZJ0FOKpCj0S9/9QaKZgmTlgo0phv4qQ2nqC2ngs1KvcywFOkYh6zrqMSEmXC6uHZGLpwyILHSrqQlC/X3xBQTYyZJ5DoTtCOz6s3F/7xuZuObcMplmlkm6XJRnAliFZm/TgZcM2rFxBGkmrtbCR2hRmpdQCUXQrD68jppXVUDvxrc1yr1Wh5HEc7gHC4hgGuowx00oAkUHuEZXuHNU96L9+59LFsLXj5zCn/gff4Ah0uPCg==</latexit>
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⌘
<latexit sha1_base64="mICNPQvcKiQcpg2v8WQa6IbBauw=">AAAB63icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF48RzAOSJcxOepMhM7PLTK8QQn7BiwdFvPpD3vwbZ5M9aGJBQ1HVTXdXlEph0fe/vdLG5tb2Tnm3srd/cHhUPT5p2yQzHFo8kYnpRsyCFBpaKFBCNzXAVCShE03ucr/zBMaKRD/iNIVQsZEWseAMc6kPyAbVml/3F6DrJChIjRRoDqpf/WHCMwUauWTW9gI/xXDGDAouYV7pZxZSxidsBD1HNVNgw9ni1jm9cMqQxolxpZEu1N8TM6asnarIdSqGY7vq5eJ/Xi/D+DacCZ1mCJovF8WZpJjQ/HE6FAY4yqkjjBvhbqV8zAzj6OKpuBCC1ZfXSfuqHvj14OG61rgu4iiTM3JOLklAbkiD3JMmaRFOxuSZvJI3T3kv3rv3sWwtecXMKfkD7/MHBKyOKg==</latexit><latexit sha1_base64="mICNPQvcKiQcpg2v8WQa6IbBauw=">AAAB63icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF48RzAOSJcxOepMhM7PLTK8QQn7BiwdFvPpD3vwbZ5M9aGJBQ1HVTXdXlEph0fe/vdLG5tb2Tnm3srd/cHhUPT5p2yQzHFo8kYnpRsyCFBpaKFBCNzXAVCShE03ucr/zBMaKRD/iNIVQsZEWseAMc6kPyAbVml/3F6DrJChIjRRoDqpf/WHCMwUauWTW9gI/xXDGDAouYV7pZxZSxidsBD1HNVNgw9ni1jm9cMqQxolxpZEu1N8TM6asnarIdSqGY7vq5eJ/Xi/D+DacCZ1mCJovF8WZpJjQ/HE6FAY4yqkjjBvhbqV8zAzj6OKpuBCC1ZfXSfuqHvj14OG61rgu4iiTM3JOLklAbkiD3JMmaRFOxuSZvJI3T3kv3rv3sWwtecXMKfkD7/MHBKyOKg==</latexit><latexit sha1_base64="mICNPQvcKiQcpg2v8WQa6IbBauw=">AAAB63icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF48RzAOSJcxOepMhM7PLTK8QQn7BiwdFvPpD3vwbZ5M9aGJBQ1HVTXdXlEph0fe/vdLG5tb2Tnm3srd/cHhUPT5p2yQzHFo8kYnpRsyCFBpaKFBCNzXAVCShE03ucr/zBMaKRD/iNIVQsZEWseAMc6kPyAbVml/3F6DrJChIjRRoDqpf/WHCMwUauWTW9gI/xXDGDAouYV7pZxZSxidsBD1HNVNgw9ni1jm9cMqQxolxpZEu1N8TM6asnarIdSqGY7vq5eJ/Xi/D+DacCZ1mCJovF8WZpJjQ/HE6FAY4yqkjjBvhbqV8zAzj6OKpuBCC1ZfXSfuqHvj14OG61rgu4iiTM3JOLklAbkiD3JMmaRFOxuSZvJI3T3kv3rv3sWwtecXMKfkD7/MHBKyOKg==</latexit><latexit sha1_base64="mICNPQvcKiQcpg2v8WQa6IbBauw=">AAAB63icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF48RzAOSJcxOepMhM7PLTK8QQn7BiwdFvPpD3vwbZ5M9aGJBQ1HVTXdXlEph0fe/vdLG5tb2Tnm3srd/cHhUPT5p2yQzHFo8kYnpRsyCFBpaKFBCNzXAVCShE03ucr/zBMaKRD/iNIVQsZEWseAMc6kPyAbVml/3F6DrJChIjRRoDqpf/WHCMwUauWTW9gI/xXDGDAouYV7pZxZSxidsBD1HNVNgw9ni1jm9cMqQxolxpZEu1N8TM6asnarIdSqGY7vq5eJ/Xi/D+DacCZ1mCJovF8WZpJjQ/HE6FAY4yqkjjBvhbqV8zAzj6OKpuBCC1ZfXSfuqHvj14OG61rgu4iiTM3JOLklAbkiD3JMmaRFOxuSZvJI3T3kv3rv3sWwtecXMKfkD7/MHBKyOKg==</latexit>
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10�5 10�3 10�1

89

Sliding-step 
TD

TD

↵
<latexit sha1_base64="HYO2sZ3xdFgP34YZZhbqPu2Uo+I=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8BLx4jmAckS+idzCZjZmeWmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMirTlDWpEkp3IjRMcMmallvBOqlmmESCtaPx7dxvPzFtuJIPdpKyMMGh5DGnaJ3U6qFIR9gvV/yqvwBZJ0FOKpCj0S9/9QaKZgmTlgo0phv4qQ2nqC2ngs1KvcywFOkYh6zrqMSEmXC6uHZGLpwyILHSrqQlC/X3xBQTYyZJ5DoTtCOz6s3F/7xuZuObcMplmlkm6XJRnAliFZm/TgZcM2rFxBGkmrtbCR2hRmpdQCUXQrD68jppXVUDvxrc1yr1Wh5HEc7gHC4hgGuowx00oAkUHuEZXuHNU96L9+59LFsLXj5zCn/gff4Ah0uPCg==</latexit><latexit sha1_base64="HYO2sZ3xdFgP34YZZhbqPu2Uo+I=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8BLx4jmAckS+idzCZjZmeWmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMirTlDWpEkp3IjRMcMmallvBOqlmmESCtaPx7dxvPzFtuJIPdpKyMMGh5DGnaJ3U6qFIR9gvV/yqvwBZJ0FOKpCj0S9/9QaKZgmTlgo0phv4qQ2nqC2ngs1KvcywFOkYh6zrqMSEmXC6uHZGLpwyILHSrqQlC/X3xBQTYyZJ5DoTtCOz6s3F/7xuZuObcMplmlkm6XJRnAliFZm/TgZcM2rFxBGkmrtbCR2hRmpdQCUXQrD68jppXVUDvxrc1yr1Wh5HEc7gHC4hgGuowx00oAkUHuEZXuHNU96L9+59LFsLXj5zCn/gff4Ah0uPCg==</latexit><latexit sha1_base64="HYO2sZ3xdFgP34YZZhbqPu2Uo+I=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8BLx4jmAckS+idzCZjZmeWmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMirTlDWpEkp3IjRMcMmallvBOqlmmESCtaPx7dxvPzFtuJIPdpKyMMGh5DGnaJ3U6qFIR9gvV/yqvwBZJ0FOKpCj0S9/9QaKZgmTlgo0phv4qQ2nqC2ngs1KvcywFOkYh6zrqMSEmXC6uHZGLpwyILHSrqQlC/X3xBQTYyZJ5DoTtCOz6s3F/7xuZuObcMplmlkm6XJRnAliFZm/TgZcM2rFxBGkmrtbCR2hRmpdQCUXQrD68jppXVUDvxrc1yr1Wh5HEc7gHC4hgGuowx00oAkUHuEZXuHNU96L9+59LFsLXj5zCn/gff4Ah0uPCg==</latexit><latexit sha1_base64="HYO2sZ3xdFgP34YZZhbqPu2Uo+I=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8BLx4jmAckS+idzCZjZmeWmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMirTlDWpEkp3IjRMcMmallvBOqlmmESCtaPx7dxvPzFtuJIPdpKyMMGh5DGnaJ3U6qFIR9gvV/yqvwBZJ0FOKpCj0S9/9QaKZgmTlgo0phv4qQ2nqC2ngs1KvcywFOkYh6zrqMSEmXC6uHZGLpwyILHSrqQlC/X3xBQTYyZJ5DoTtCOz6s3F/7xuZuObcMplmlkm6XJRnAliFZm/TgZcM2rFxBGkmrtbCR2hRmpdQCUXQrD68jppXVUDvxrc1yr1Wh5HEc7gHC4hgGuowx00oAkUHuEZXuHNU96L9+59LFsLXj5zCn/gff4Ah0uPCg==</latexit>
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⌘
<latexit sha1_base64="mICNPQvcKiQcpg2v8WQa6IbBauw=">AAAB63icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF48RzAOSJcxOepMhM7PLTK8QQn7BiwdFvPpD3vwbZ5M9aGJBQ1HVTXdXlEph0fe/vdLG5tb2Tnm3srd/cHhUPT5p2yQzHFo8kYnpRsyCFBpaKFBCNzXAVCShE03ucr/zBMaKRD/iNIVQsZEWseAMc6kPyAbVml/3F6DrJChIjRRoDqpf/WHCMwUauWTW9gI/xXDGDAouYV7pZxZSxidsBD1HNVNgw9ni1jm9cMqQxolxpZEu1N8TM6asnarIdSqGY7vq5eJ/Xi/D+DacCZ1mCJovF8WZpJjQ/HE6FAY4yqkjjBvhbqV8zAzj6OKpuBCC1ZfXSfuqHvj14OG61rgu4iiTM3JOLklAbkiD3JMmaRFOxuSZvJI3T3kv3rv3sWwtecXMKfkD7/MHBKyOKg==</latexit><latexit sha1_base64="mICNPQvcKiQcpg2v8WQa6IbBauw=">AAAB63icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF48RzAOSJcxOepMhM7PLTK8QQn7BiwdFvPpD3vwbZ5M9aGJBQ1HVTXdXlEph0fe/vdLG5tb2Tnm3srd/cHhUPT5p2yQzHFo8kYnpRsyCFBpaKFBCNzXAVCShE03ucr/zBMaKRD/iNIVQsZEWseAMc6kPyAbVml/3F6DrJChIjRRoDqpf/WHCMwUauWTW9gI/xXDGDAouYV7pZxZSxidsBD1HNVNgw9ni1jm9cMqQxolxpZEu1N8TM6asnarIdSqGY7vq5eJ/Xi/D+DacCZ1mCJovF8WZpJjQ/HE6FAY4yqkjjBvhbqV8zAzj6OKpuBCC1ZfXSfuqHvj14OG61rgu4iiTM3JOLklAbkiD3JMmaRFOxuSZvJI3T3kv3rv3sWwtecXMKfkD7/MHBKyOKg==</latexit><latexit sha1_base64="mICNPQvcKiQcpg2v8WQa6IbBauw=">AAAB63icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF48RzAOSJcxOepMhM7PLTK8QQn7BiwdFvPpD3vwbZ5M9aGJBQ1HVTXdXlEph0fe/vdLG5tb2Tnm3srd/cHhUPT5p2yQzHFo8kYnpRsyCFBpaKFBCNzXAVCShE03ucr/zBMaKRD/iNIVQsZEWseAMc6kPyAbVml/3F6DrJChIjRRoDqpf/WHCMwUauWTW9gI/xXDGDAouYV7pZxZSxidsBD1HNVNgw9ni1jm9cMqQxolxpZEu1N8TM6asnarIdSqGY7vq5eJ/Xi/D+DacCZ1mCJovF8WZpJjQ/HE6FAY4yqkjjBvhbqV8zAzj6OKpuBCC1ZfXSfuqHvj14OG61rgu4iiTM3JOLklAbkiD3JMmaRFOxuSZvJI3T3kv3rv3sWwtecXMKfkD7/MHBKyOKg==</latexit><latexit sha1_base64="mICNPQvcKiQcpg2v8WQa6IbBauw=">AAAB63icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF48RzAOSJcxOepMhM7PLTK8QQn7BiwdFvPpD3vwbZ5M9aGJBQ1HVTXdXlEph0fe/vdLG5tb2Tnm3srd/cHhUPT5p2yQzHFo8kYnpRsyCFBpaKFBCNzXAVCShE03ucr/zBMaKRD/iNIVQsZEWseAMc6kPyAbVml/3F6DrJChIjRRoDqpf/WHCMwUauWTW9gI/xXDGDAouYV7pZxZSxidsBD1HNVNgw9ni1jm9cMqQxolxpZEu1N8TM6asnarIdSqGY7vq5eJ/Xi/D+DacCZ1mCJovF8WZpJjQ/HE6FAY4yqkjjBvhbqV8zAzj6OKpuBCC1ZfXSfuqHvj14OG61rgu4iiTM3JOLklAbkiD3JMmaRFOxuSZvJI3T3kv3rv3sWwtecXMKfkD7/MHBKyOKg==</latexit>
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<latexit sha1_base64="HYO2sZ3xdFgP34YZZhbqPu2Uo+I=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8BLx4jmAckS+idzCZjZmeWmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMirTlDWpEkp3IjRMcMmallvBOqlmmESCtaPx7dxvPzFtuJIPdpKyMMGh5DGnaJ3U6qFIR9gvV/yqvwBZJ0FOKpCj0S9/9QaKZgmTlgo0phv4qQ2nqC2ngs1KvcywFOkYh6zrqMSEmXC6uHZGLpwyILHSrqQlC/X3xBQTYyZJ5DoTtCOz6s3F/7xuZuObcMplmlkm6XJRnAliFZm/TgZcM2rFxBGkmrtbCR2hRmpdQCUXQrD68jppXVUDvxrc1yr1Wh5HEc7gHC4hgGuowx00oAkUHuEZXuHNU96L9+59LFsLXj5zCn/gff4Ah0uPCg==</latexit><latexit sha1_base64="HYO2sZ3xdFgP34YZZhbqPu2Uo+I=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8BLx4jmAckS+idzCZjZmeWmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMirTlDWpEkp3IjRMcMmallvBOqlmmESCtaPx7dxvPzFtuJIPdpKyMMGh5DGnaJ3U6qFIR9gvV/yqvwBZJ0FOKpCj0S9/9QaKZgmTlgo0phv4qQ2nqC2ngs1KvcywFOkYh6zrqMSEmXC6uHZGLpwyILHSrqQlC/X3xBQTYyZJ5DoTtCOz6s3F/7xuZuObcMplmlkm6XJRnAliFZm/TgZcM2rFxBGkmrtbCR2hRmpdQCUXQrD68jppXVUDvxrc1yr1Wh5HEc7gHC4hgGuowx00oAkUHuEZXuHNU96L9+59LFsLXj5zCn/gff4Ah0uPCg==</latexit><latexit sha1_base64="HYO2sZ3xdFgP34YZZhbqPu2Uo+I=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8BLx4jmAckS+idzCZjZmeWmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMirTlDWpEkp3IjRMcMmallvBOqlmmESCtaPx7dxvPzFtuJIPdpKyMMGh5DGnaJ3U6qFIR9gvV/yqvwBZJ0FOKpCj0S9/9QaKZgmTlgo0phv4qQ2nqC2ngs1KvcywFOkYh6zrqMSEmXC6uHZGLpwyILHSrqQlC/X3xBQTYyZJ5DoTtCOz6s3F/7xuZuObcMplmlkm6XJRnAliFZm/TgZcM2rFxBGkmrtbCR2hRmpdQCUXQrD68jppXVUDvxrc1yr1Wh5HEc7gHC4hgGuowx00oAkUHuEZXuHNU96L9+59LFsLXj5zCn/gff4Ah0uPCg==</latexit><latexit sha1_base64="HYO2sZ3xdFgP34YZZhbqPu2Uo+I=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8BLx4jmAckS+idzCZjZmeWmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMirTlDWpEkp3IjRMcMmallvBOqlmmESCtaPx7dxvPzFtuJIPdpKyMMGh5DGnaJ3U6qFIR9gvV/yqvwBZJ0FOKpCj0S9/9QaKZgmTlgo0phv4qQ2nqC2ngs1KvcywFOkYh6zrqMSEmXC6uHZGLpwyILHSrqQlC/X3xBQTYyZJ5DoTtCOz6s3F/7xuZuObcMplmlkm6XJRnAliFZm/TgZcM2rFxBGkmrtbCR2hRmpdQCUXQrD68jppXVUDvxrc1yr1Wh5HEc7gHC4hgGuowx00oAkUHuEZXuHNU96L9+59LFsLXj5zCn/gff4Ah0uPCg==</latexit>
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<latexit sha1_base64="HYO2sZ3xdFgP34YZZhbqPu2Uo+I=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8BLx4jmAckS+idzCZjZmeWmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMirTlDWpEkp3IjRMcMmallvBOqlmmESCtaPx7dxvPzFtuJIPdpKyMMGh5DGnaJ3U6qFIR9gvV/yqvwBZJ0FOKpCj0S9/9QaKZgmTlgo0phv4qQ2nqC2ngs1KvcywFOkYh6zrqMSEmXC6uHZGLpwyILHSrqQlC/X3xBQTYyZJ5DoTtCOz6s3F/7xuZuObcMplmlkm6XJRnAliFZm/TgZcM2rFxBGkmrtbCR2hRmpdQCUXQrD68jppXVUDvxrc1yr1Wh5HEc7gHC4hgGuowx00oAkUHuEZXuHNU96L9+59LFsLXj5zCn/gff4Ah0uPCg==</latexit><latexit sha1_base64="HYO2sZ3xdFgP34YZZhbqPu2Uo+I=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8BLx4jmAckS+idzCZjZmeWmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMirTlDWpEkp3IjRMcMmallvBOqlmmESCtaPx7dxvPzFtuJIPdpKyMMGh5DGnaJ3U6qFIR9gvV/yqvwBZJ0FOKpCj0S9/9QaKZgmTlgo0phv4qQ2nqC2ngs1KvcywFOkYh6zrqMSEmXC6uHZGLpwyILHSrqQlC/X3xBQTYyZJ5DoTtCOz6s3F/7xuZuObcMplmlkm6XJRnAliFZm/TgZcM2rFxBGkmrtbCR2hRmpdQCUXQrD68jppXVUDvxrc1yr1Wh5HEc7gHC4hgGuowx00oAkUHuEZXuHNU96L9+59LFsLXj5zCn/gff4Ah0uPCg==</latexit><latexit sha1_base64="HYO2sZ3xdFgP34YZZhbqPu2Uo+I=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8BLx4jmAckS+idzCZjZmeWmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMirTlDWpEkp3IjRMcMmallvBOqlmmESCtaPx7dxvPzFtuJIPdpKyMMGh5DGnaJ3U6qFIR9gvV/yqvwBZJ0FOKpCj0S9/9QaKZgmTlgo0phv4qQ2nqC2ngs1KvcywFOkYh6zrqMSEmXC6uHZGLpwyILHSrqQlC/X3xBQTYyZJ5DoTtCOz6s3F/7xuZuObcMplmlkm6XJRnAliFZm/TgZcM2rFxBGkmrtbCR2hRmpdQCUXQrD68jppXVUDvxrc1yr1Wh5HEc7gHC4hgGuowx00oAkUHuEZXuHNU96L9+59LFsLXj5zCn/gff4Ah0uPCg==</latexit><latexit sha1_base64="HYO2sZ3xdFgP34YZZhbqPu2Uo+I=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8BLx4jmAckS+idzCZjZmeWmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlApurO9/e4WNza3tneJuaW//4PCofHzSMirTlDWpEkp3IjRMcMmallvBOqlmmESCtaPx7dxvPzFtuJIPdpKyMMGh5DGnaJ3U6qFIR9gvV/yqvwBZJ0FOKpCj0S9/9QaKZgmTlgo0phv4qQ2nqC2ngs1KvcywFOkYh6zrqMSEmXC6uHZGLpwyILHSrqQlC/X3xBQTYyZJ5DoTtCOz6s3F/7xuZuObcMplmlkm6XJRnAliFZm/TgZcM2rFxBGkmrtbCR2hRmpdQCUXQrD68jppXVUDvxrc1yr1Wh5HEc7gHC4hgGuowx00oAkUHuEZXuHNU96L9+59LFsLXj5zCn/gff4Ah0uPCg==</latexit>
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⌘
<latexit sha1_base64="mICNPQvcKiQcpg2v8WQa6IbBauw=">AAAB63icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF48RzAOSJcxOepMhM7PLTK8QQn7BiwdFvPpD3vwbZ5M9aGJBQ1HVTXdXlEph0fe/vdLG5tb2Tnm3srd/cHhUPT5p2yQzHFo8kYnpRsyCFBpaKFBCNzXAVCShE03ucr/zBMaKRD/iNIVQsZEWseAMc6kPyAbVml/3F6DrJChIjRRoDqpf/WHCMwUauWTW9gI/xXDGDAouYV7pZxZSxidsBD1HNVNgw9ni1jm9cMqQxolxpZEu1N8TM6asnarIdSqGY7vq5eJ/Xi/D+DacCZ1mCJovF8WZpJjQ/HE6FAY4yqkjjBvhbqV8zAzj6OKpuBCC1ZfXSfuqHvj14OG61rgu4iiTM3JOLklAbkiD3JMmaRFOxuSZvJI3T3kv3rv3sWwtecXMKfkD7/MHBKyOKg==</latexit><latexit sha1_base64="mICNPQvcKiQcpg2v8WQa6IbBauw=">AAAB63icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF48RzAOSJcxOepMhM7PLTK8QQn7BiwdFvPpD3vwbZ5M9aGJBQ1HVTXdXlEph0fe/vdLG5tb2Tnm3srd/cHhUPT5p2yQzHFo8kYnpRsyCFBpaKFBCNzXAVCShE03ucr/zBMaKRD/iNIVQsZEWseAMc6kPyAbVml/3F6DrJChIjRRoDqpf/WHCMwUauWTW9gI/xXDGDAouYV7pZxZSxidsBD1HNVNgw9ni1jm9cMqQxolxpZEu1N8TM6asnarIdSqGY7vq5eJ/Xi/D+DacCZ1mCJovF8WZpJjQ/HE6FAY4yqkjjBvhbqV8zAzj6OKpuBCC1ZfXSfuqHvj14OG61rgu4iiTM3JOLklAbkiD3JMmaRFOxuSZvJI3T3kv3rv3sWwtecXMKfkD7/MHBKyOKg==</latexit><latexit sha1_base64="mICNPQvcKiQcpg2v8WQa6IbBauw=">AAAB63icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF48RzAOSJcxOepMhM7PLTK8QQn7BiwdFvPpD3vwbZ5M9aGJBQ1HVTXdXlEph0fe/vdLG5tb2Tnm3srd/cHhUPT5p2yQzHFo8kYnpRsyCFBpaKFBCNzXAVCShE03ucr/zBMaKRD/iNIVQsZEWseAMc6kPyAbVml/3F6DrJChIjRRoDqpf/WHCMwUauWTW9gI/xXDGDAouYV7pZxZSxidsBD1HNVNgw9ni1jm9cMqQxolxpZEu1N8TM6asnarIdSqGY7vq5eJ/Xi/D+DacCZ1mCJovF8WZpJjQ/HE6FAY4yqkjjBvhbqV8zAzj6OKpuBCC1ZfXSfuqHvj14OG61rgu4iiTM3JOLklAbkiD3JMmaRFOxuSZvJI3T3kv3rv3sWwtecXMKfkD7/MHBKyOKg==</latexit><latexit sha1_base64="mICNPQvcKiQcpg2v8WQa6IbBauw=">AAAB63icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF48RzAOSJcxOepMhM7PLTK8QQn7BiwdFvPpD3vwbZ5M9aGJBQ1HVTXdXlEph0fe/vdLG5tb2Tnm3srd/cHhUPT5p2yQzHFo8kYnpRsyCFBpaKFBCNzXAVCShE03ucr/zBMaKRD/iNIVQsZEWseAMc6kPyAbVml/3F6DrJChIjRRoDqpf/WHCMwUauWTW9gI/xXDGDAouYV7pZxZSxidsBD1HNVNgw9ni1jm9cMqQxolxpZEu1N8TM6asnarIdSqGY7vq5eJ/Xi/D+DacCZ1mCJovF8WZpJjQ/HE6FAY4yqkjjBvhbqV8zAzj6OKpuBCC1ZfXSfuqHvj14OG61rgu4iiTM3JOLklAbkiD3JMmaRFOxuSZvJI3T3kv3rv3sWwtecXMKfkD7/MHBKyOKg==</latexit>
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⌘
<latexit sha1_base64="mICNPQvcKiQcpg2v8WQa6IbBauw=">AAAB63icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF48RzAOSJcxOepMhM7PLTK8QQn7BiwdFvPpD3vwbZ5M9aGJBQ1HVTXdXlEph0fe/vdLG5tb2Tnm3srd/cHhUPT5p2yQzHFo8kYnpRsyCFBpaKFBCNzXAVCShE03ucr/zBMaKRD/iNIVQsZEWseAMc6kPyAbVml/3F6DrJChIjRRoDqpf/WHCMwUauWTW9gI/xXDGDAouYV7pZxZSxidsBD1HNVNgw9ni1jm9cMqQxolxpZEu1N8TM6asnarIdSqGY7vq5eJ/Xi/D+DacCZ1mCJovF8WZpJjQ/HE6FAY4yqkjjBvhbqV8zAzj6OKpuBCC1ZfXSfuqHvj14OG61rgu4iiTM3JOLklAbkiD3JMmaRFOxuSZvJI3T3kv3rv3sWwtecXMKfkD7/MHBKyOKg==</latexit><latexit sha1_base64="mICNPQvcKiQcpg2v8WQa6IbBauw=">AAAB63icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF48RzAOSJcxOepMhM7PLTK8QQn7BiwdFvPpD3vwbZ5M9aGJBQ1HVTXdXlEph0fe/vdLG5tb2Tnm3srd/cHhUPT5p2yQzHFo8kYnpRsyCFBpaKFBCNzXAVCShE03ucr/zBMaKRD/iNIVQsZEWseAMc6kPyAbVml/3F6DrJChIjRRoDqpf/WHCMwUauWTW9gI/xXDGDAouYV7pZxZSxidsBD1HNVNgw9ni1jm9cMqQxolxpZEu1N8TM6asnarIdSqGY7vq5eJ/Xi/D+DacCZ1mCJovF8WZpJjQ/HE6FAY4yqkjjBvhbqV8zAzj6OKpuBCC1ZfXSfuqHvj14OG61rgu4iiTM3JOLklAbkiD3JMmaRFOxuSZvJI3T3kv3rv3sWwtecXMKfkD7/MHBKyOKg==</latexit><latexit sha1_base64="mICNPQvcKiQcpg2v8WQa6IbBauw=">AAAB63icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF48RzAOSJcxOepMhM7PLTK8QQn7BiwdFvPpD3vwbZ5M9aGJBQ1HVTXdXlEph0fe/vdLG5tb2Tnm3srd/cHhUPT5p2yQzHFo8kYnpRsyCFBpaKFBCNzXAVCShE03ucr/zBMaKRD/iNIVQsZEWseAMc6kPyAbVml/3F6DrJChIjRRoDqpf/WHCMwUauWTW9gI/xXDGDAouYV7pZxZSxidsBD1HNVNgw9ni1jm9cMqQxolxpZEu1N8TM6asnarIdSqGY7vq5eJ/Xi/D+DacCZ1mCJovF8WZpJjQ/HE6FAY4yqkjjBvhbqV8zAzj6OKpuBCC1ZfXSfuqHvj14OG61rgu4iiTM3JOLklAbkiD3JMmaRFOxuSZvJI3T3kv3rv3sWwtecXMKfkD7/MHBKyOKg==</latexit><latexit sha1_base64="mICNPQvcKiQcpg2v8WQa6IbBauw=">AAAB63icbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMeAF48RzAOSJcxOepMhM7PLTK8QQn7BiwdFvPpD3vwbZ5M9aGJBQ1HVTXdXlEph0fe/vdLG5tb2Tnm3srd/cHhUPT5p2yQzHFo8kYnpRsyCFBpaKFBCNzXAVCShE03ucr/zBMaKRD/iNIVQsZEWseAMc6kPyAbVml/3F6DrJChIjRRoDqpf/WHCMwUauWTW9gI/xXDGDAouYV7pZxZSxidsBD1HNVNgw9ni1jm9cMqQxolxpZEu1N8TM6asnarIdSqGY7vq5eJ/Xi/D+DacCZ1mCJovF8WZpJjQ/HE6FAY4yqkjjBvhbqV8zAzj6OKpuBCC1ZfXSfuqHvj14OG61rgu4iiTM3JOLklAbkiD3JMmaRFOxuSZvJI3T3kv3rv3sWwtecXMKfkD7/MHBKyOKg==</latexit>

(f) X3

Sliding-step 
TD

Fig. 7. Five-state Markov chain: sensitivity graphs (a, c, e, g) are shown w.r.t. constant
α. Sensitivity graphs (b, d, f, h) are optimized for τ and shown w.r.t. η of diminishing
a(t) = η

1+t/τ
. Learning curve (i, k) are shown with optimized constant α while (j,l)

are shown with optimized η, τ for the diminishing case. The RMSVE of the learning
curves are averaged over 50 runs. The RMSVE of the sensitivity graphs are averages
of 100 thousand steps and then averaged over 50 runs. All figures include error bars.

Discussion: With various feature representations of varying magnitude, we ob-
served evidence of robustness in sliding-step TD w.r.t α in Fig. 7. As a bonus,
we observed a speedup in sliding-step TD when the magnitude of the feature
vectors varied significantly. This is observed in Fig. 7(i-l) for feature matrices
X2 and X3. In the case when the magnitude of the feature vectors is all large,
sliding-step TD still needs a small α so not to diverge. With small α’s, we found
no statistically significant speedup in sliding-step TD, which is consistent with
the analysis in Section 6.

7.2 1000-state random walk

In this on-policy experiment, we test sliding-step Emphatic TD (13) in the pres-
ence of large importance weights. The original experiment [10] consists of states
numbered 1 through 1000, with terminal states to the left of state 1 and the right
of state 1000. The agent starts in state 500 and takes the left or right action with
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equal probability. Once committed to an action, the agent transitions to one of
its 100 neighbours with equal probability. The rewards are all 0 except -1 when
reaching the left terminal state and +1 when reaching the right terminal state.
We looked at two instances of the problem with transitions to 50 neighbours
and 20 neighbours, varying the lengths of the random walk. Treating it as an
undiscounted task with an interest of 1 for each state, longer episodes will result
in larger emphasis.

We consider two feature representations: tile coding and Fourier basis [10].
For tile coding, there are 50 tilings, where each tiling is offset by four states.
Every 100 states are tiled together. We run each experiment for 5000 episodes
and then repeat for 30 independent runs.
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Fig. 8. 1000-state random walk: RMSVE of the sensitivity graphs are averages of 5000
episodes and then averaged over 30 runs. All figures include error bars.

Discussion: With large emphasis, we observed evidence of robustness in sliding-
step Emphatic TD w.r.t. α in Fig. 8. Going from 50 neighbours to 20 neighbours,
the emphasis on average increases. In response to the larger value in emphasis,
the optimal α for sliding-step Emphatic TD shifted from an order of 10−5 to
10−6. With small α’s, we found no statistically significant speedup in sliding-step
Emphatic TD.

7.3 The chicken problem

In this off-policy experiment of Ghiassian et al. [4], we test sliding-step Emphatic
TD in the off-policy setting. This experiment consists of 8 states with 1 terminal
state, and the agent starts in the first four states with equal probability. If the
agent is within the first four states, then the behaviour and target policies are
the same, and the agent goes forward. If the agent has passed the first four
states, the behaviour policy chooses to go forward or go back to the first four
states with equal probability. The target policy, however, will always choose to
go forward. If the agent goes forward and makes it to the terminal state, then
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it receives a reward of 1 and terminates. All other rewards are 0, and a discount
rate of γ = 0.9 was used.

We ran each experiment for 5000 episodes, and the results are averaged over
100 independent runs. For each run, we randomly generated a new set of feature
vectors to represent the eight states. Each feature vector is {0, 1}6. To maintain
a feature matrix of rank 6, no feature vectors are all zeros.
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Fig. 9. Chicken problem: learning curve is shown with optimized α. The RMSVE of
the learning curve is averaged over 100 runs. The RMSVE of the sensitivity graph is
averages of the 500 episodes and then averaged over 100 runs. All figures include error
bars.

Discussion: In the off-policy setting, we observed evidence of robustness in
sliding-step Emphatic TD w.r.t. α in Fig. 9. Each with their optimized α, sliding-
step Emphatic TD learned slightly faster than Emphatic TD as evident in Fig.
9(b).

8 Conclusion

We have shown multiple generalizations of the sliding-step idea to temporal
difference learning and derived a class of sliding-step TD algorithms: sliding-
step TD and sliding-step Emphatic TD.

Sliding-step TD is similar in form to TD, but differs in the expression (1 −
exp(−αx>x))/x>x replacing the usual step-size parameter α:

Sliding-step TD: wt+1 = wt +
1− exp(−αx>t xt)

x>t xt
δtxt

TD: wt+1 = wt + αδtxt
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We prove that the tabular sliding-step TD in the on-policy setting converges
with probability 1. We also showed that for the linear case, if the feature vectors
are all of the same magnitudes, sliding-step TD is TD with a special step-size
expression and converges to the fixed point of TD with probability 1. For the
general case where the magnitude of the feature vectors is not the same, we
found that the behaviour of sliding-step TD depends on the choice of α.

We give substantial evidence for the robustness of sliding-step TD methods
in several experiments with multiple representations and an off-policy example
with sliding-step Emphatic TD. In the experiment when the magnitude of the
feature vectors varied significantly, we observed a speedup in sliding-step TD.
A possible explanation for this speedup could be due to sliding-step’s step-size
expression bounding the size of the update made to the weight vector.
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