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Abstract

State construction from sensory observations is an important component of a reinforcement learning agent. One solution
for state construction is to use recurrent neural networks. Two popular gradient-based methods for recurrent learning are
back-propagation through time (BPTT), and real-time recurrent learning (RTRL). BPTT looks at the complete sequence
of observations before computing gradients and is unsuitable for online updates. RTRL can do online updates but scales
poorly to large networks. In this paper, we propose two constraints that make RTRL scalable. We show that by either
decomposing the network into independent modules or learning a recurrent network incrementally, we can make RTRL
scale linearly with the number of parameters. Unlike prior scalable gradient estimation algorithms, such as UORO and
Truncated-BPTT, our algorithms do not add bias or noise to the gradient estimate. Instead, they trade off the functional
capacity of the recurrent network to achieve scalable learning. We demonstrate the effectiveness of our approach on a
prediction learning benchmark inspired by animal learning.

Keywords: agent-state construction, recurrent learning, online learning, scal-
able recurrent learning



<latexit sha1_base64="iA0QYhAsuY/B6Nned6a+Mla+Zyw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48V7Qe0oWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw5qfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVe+q6t5dVuq1PI4inMApnIMH11CHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gAIeo2Z</latexit>w1
<latexit sha1_base64="tHNUa2kNSX/XuU9Mf4HiPlNzC38=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KklR7LHgxWNF+wFtKJvtpl262YTdiVJCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTS/VO/2i+V3Yo7B1klXk7KkKPRL331BjFLI66QSWpM13MT9DOqUTDJp8VeanhC2ZgOeddSRSNu/Gx+6pScW2VAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw5qfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tO0YbgLb+8SlrVindVce8uy/VaHkcBTuEMLsCDa6jDLTSgCQyG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gAJ/o2a</latexit>w2

<latexit sha1_base64="GF+tiJBe9tssgsyn/BYuuazgVzc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh1H/sl+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVL2rau2+Vqm7eRxFOIFTOAcPrqEOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHzzY2J</latexit>

h3

<latexit sha1_base64="jcT4HOJpaVpkkF4rq/MQTKiTGT0=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hV0fmGPAi8eI5gHJEmYnvcmQ2dllZlYJSz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3HlFpHssHM07Qj+hA8pAzaqx0/9S76JXKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwqqfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6RRuCt/jyMmmeV7yrint3Wa5V8zgKcAwncAYeXEMNbqEODWAwgGd4hTdHOC/Ou/Mxb11x8pkj+APn8wcLgo2b</latexit>w3

<latexit sha1_base64="plO+peCbNVnVEc0GHTvhV3+bFoo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0Io/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHkyXoR3QoecgZNVZqZP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03Mf6EKsOZwGmpl2pMKBvTIXYtlTRC7U/mh07JmVUGJIyVLWnIXP09MaGR1lkU2M6ImpFe9mbif143NeGNP+EySQ1KtlgUpoKYmMy+JgOukBmRWUKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q6rbuKzUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kD6Q+NAQ==</latexit>y

<latexit sha1_base64="GF+tiJBe9tssgsyn/BYuuazgVzc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh1H/sl+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVL2rau2+Vqm7eRxFOIFTOAcPrqEOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHzzY2J</latexit>

h3

<latexit sha1_base64="3kJIer8apxDZafgZahl7wEgxLgU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomI9Vjw4rEF+wFtKJvtpF272YTdjVhCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+W9mSToR3QoecgZNVZqPPVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNkUbgrf88ippXVa864rbuCrXqnkcBTiFM7gAD6pQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB5JCM9g==</latexit>x

<latexit sha1_base64="GF+tiJBe9tssgsyn/BYuuazgVzc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh1H/sl+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVL2rau2+Vqm7eRxFOIFTOAcPrqEOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHzzY2J</latexit>

h3

<latexit sha1_base64="4yaKmOANrDzQIcRFBejhXTTnHcg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+NBbVCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophjd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqt5VtX5frzTcPI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gDySY2I</latexit>

h2

<latexit sha1_base64="iA0QYhAsuY/B6Nned6a+Mla+Zyw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48V7Qe0oWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw5qfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVe+q6t5dVuq1PI4inMApnIMH11CHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gAIeo2Z</latexit>w1
<latexit sha1_base64="tHNUa2kNSX/XuU9Mf4HiPlNzC38=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KklR7LHgxWNF+wFtKJvtpl262YTdiVJCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTS/VO/2i+V3Yo7B1klXk7KkKPRL331BjFLI66QSWpM13MT9DOqUTDJp8VeanhC2ZgOeddSRSNu/Gx+6pScW2VAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw5qfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tO0YbgLb+8SlrVindVce8uy/VaHkcBTuEMLsCDa6jDLTSgCQyG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gAJ/o2a</latexit>w2

<latexit sha1_base64="GF+tiJBe9tssgsyn/BYuuazgVzc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh1H/sl+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVL2rau2+Vqm7eRxFOIFTOAcPrqEOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHzzY2J</latexit>

h3

<latexit sha1_base64="jcT4HOJpaVpkkF4rq/MQTKiTGT0=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hV0fmGPAi8eI5gHJEmYnvcmQ2dllZlYJSz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3HlFpHssHM07Qj+hA8pAzaqx0/9S76JXKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwqqfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6RRuCt/jyMmmeV7yrint3Wa5V8zgKcAwncAYeXEMNbqEODWAwgGd4hTdHOC/Ou/Mxb11x8pkj+APn8wcLgo2b</latexit>w3

<latexit sha1_base64="plO+peCbNVnVEc0GHTvhV3+bFoo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0Io/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHkyXoR3QoecgZNVZqZP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03Mf6EKsOZwGmpl2pMKBvTIXYtlTRC7U/mh07JmVUGJIyVLWnIXP09MaGR1lkU2M6ImpFe9mbif143NeGNP+EySQ1KtlgUpoKYmMy+JgOukBmRWUKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q6rbuKzUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kD6Q+NAQ==</latexit>y

<latexit sha1_base64="3kJIer8apxDZafgZahl7wEgxLgU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomI9Vjw4rEF+wFtKJvtpF272YTdjVhCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+W9mSToR3QoecgZNVZqPPVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNkUbgrf88ippXVa864rbuCrXqnkcBTiFM7gAD6pQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB5JCM9g==</latexit>x

<latexit sha1_base64="GF+tiJBe9tssgsyn/BYuuazgVzc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh1H/sl+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVL2rau2+Vqm7eRxFOIFTOAcPrqEOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHzzY2J</latexit>

h3

<latexit sha1_base64="fa3hoFdclwYRGQMs998c1us7eac=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYTzwBuWKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbSvql69WruvVRpuHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDwxY2H</latexit>

h1

<latexit sha1_base64="4yaKmOANrDzQIcRFBejhXTTnHcg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+NBbVCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophjd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqt5VtX5frzTcPI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gDySY2I</latexit>

h2

<latexit sha1_base64="iA0QYhAsuY/B6Nned6a+Mla+Zyw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48V7Qe0oWy2m3bpZhN2J0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw5qfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVe+q6t5dVuq1PI4inMApnIMH11CHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gAIeo2Z</latexit>w1
<latexit sha1_base64="tHNUa2kNSX/XuU9Mf4HiPlNzC38=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KklR7LHgxWNF+wFtKJvtpl262YTdiVJCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTS/VO/2i+V3Yo7B1klXk7KkKPRL331BjFLI66QSWpM13MT9DOqUTDJp8VeanhC2ZgOeddSRSNu/Gx+6pScW2VAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw5qfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tO0YbgLb+8SlrVindVce8uy/VaHkcBTuEMLsCDa6jDLTSgCQyG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gAJ/o2a</latexit>w2

<latexit sha1_base64="jcT4HOJpaVpkkF4rq/MQTKiTGT0=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hV0fmGPAi8eI5gHJEmYnvcmQ2dllZlYJSz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3HlFpHssHM07Qj+hA8pAzaqx0/9S76JXKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwqqfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6RRuCt/jyMmmeV7yrint3Wa5V8zgKcAwncAYeXEMNbqEODWAwgGd4hTdHOC/Ou/Mxb11x8pkj+APn8wcLgo2b</latexit>w3

<latexit sha1_base64="plO+peCbNVnVEc0GHTvhV3+bFoo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0Io/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHkyXoR3QoecgZNVZqZP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03Mf6EKsOZwGmpl2pMKBvTIXYtlTRC7U/mh07JmVUGJIyVLWnIXP09MaGR1lkU2M6ImpFe9mbif143NeGNP+EySQ1KtlgUpoKYmMy+JgOukBmRWUKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q6rbuKzUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kD6Q+NAQ==</latexit>y

<latexit sha1_base64="bELIlc9lbqGP1+LaNPHjQ9dS6kc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+NBbVCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophjd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmlfVb16tXZfqzTcPI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gD1UY2K</latexit>

h4
<latexit sha1_base64="GF+tiJBe9tssgsyn/BYuuazgVzc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh1H/sl+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVL2rau2+Vqm7eRxFOIFTOAcPrqEOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHzzY2J</latexit>

h3

<latexit sha1_base64="3kJIer8apxDZafgZahl7wEgxLgU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomI9Vjw4rEF+wFtKJvtpF272YTdjVhCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+W9mSToR3QoecgZNVZqPPVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNkUbgrf88ippXVa864rbuCrXqnkcBTiFM7gAD6pQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB5JCM9g==</latexit>x

Columnar Constructive Hybrid
<latexit sha1_base64="aPkjNFghKkauG/e9bQtIGbFaKM4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48V7Qe0oWy2k3bpZhN2N0oJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL3Lau2uVqm7eRxFOIFTOAcPrqAOt9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AEMOo2Z</latexit>w4

<latexit sha1_base64="4yaKmOANrDzQIcRFBejhXTTnHcg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+NBbVCuuFV3AbJOvJxUIEdzUP7qD2OWRlwhk9SYnucm6GdUo2CSz0r91PCEsgkd8Z6likbc+Nni1Bm5sMqQhLG2pZAs1N8TGY2MmUaB7Ywojs2qNxf/83ophjd+JlSSIldsuShMJcGYzP8mQ6E5Qzm1hDIt7K2EjammDG06JRuCt/ryOmnXqt5VtX5frzTcPI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gDySY2I</latexit>

h2

<latexit sha1_base64="fa3hoFdclwYRGQMs998c1us7eac=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYTzwBuWKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbSvql69WruvVRpuHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDwxY2H</latexit>

h1

<latexit sha1_base64="fa3hoFdclwYRGQMs998c1us7eac=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYTzwBuWKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbSvql69WruvVRpuHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDwxY2H</latexit>

h1

Figure 1: Three structures of recurrent neural networks for which gradients can be estimated in a scalable way without
bias or noise. Dotted lines represent parameters that are updated at every step, whereas solid lines are weights that are
fixed to prevent bias in the gradient estimate of remaining parameters. Recurrent networks with a columnar structure
can be trained end-to-end using gradients without any truncation, only requiring O(n) operations and memory per step.
However, columnar networks do not have hierarchical recurrent features—recurrent features made out of other recurrent
features. Constructive networks have hierarchical recurrent features, however must be trained incrementally to prevent
bias in the gradient estimate. Incremental learning is achieved by initializing all wi to zero, and learning h1, h2, and h3

in order. Finally, columnar and constructive networks can be combined to get hybrid networks. The pairs (h1, h2) and
(h3, h4) do not depend on each other, and can learn in parallel. However, (h3, h4) must be learned after the pair (h1, h2)
has been learned and fixed.

1 Introduction

Learning by interacting with the world is a powerful framework for building systems that can autonomously achieve
goals in complex worlds. A key ingredient for building autonomous systems is agent-state construction—learning a
compact representation of the history of interactions that helps in predicting and controlling the future. One solution for
state construction is to use differentiable recurrent neural networks (RNNs) learned to minimize prediction errors.

State construction using RNNs requires structural credit assignment—identifying how to change network parameters to
improve predictions. In RNNs, a parameter can influence a prediction made in the future. Effective credit assignment
requires tracking the influence of the parameter on future predictions. Two popular algorithms for gradient-based struc-
tural credit assignment in recurrent neural networks are Back-propagation through time (BPTT) (Werbos, 1988; Robinson
and Fallside, 1987) and real-time recurrent learning (RTRL) (Williams and Zipser 1989).

BPTT and RTRL are not suitable for online state construction for large problems. BPTT requires storing all past activations
for estimating the gradient. Additionally, it requires computation proportional to the length of the sequence seen so far.
RTRL can estimate the gradient on the go, and does not require more computation as the length of the sequence grows.
However, RTRL scales poorly with an increase in the number of parameters of the RNN. Both BPTT and RTRL can be
approximated, to make them more suitable for online learning.

A promising direction to scale gradient-based credit-assignment to large networks is to approximate the gradient. El-
man (1990) proposed to ignore the influence of parameters on future predictions completely for training RNNs. This
resulted in a scalable but biased algorithm. Williams and Peng (1990) proposed a more general algorithm called Trun-
cated BPTT (T-BPTT). T-BPTT tracks the influence of all parameters on predictions made up to k steps in the future.
T-BPTT limits the BPTT computation to last k steps, and works well for a range of problems (Mikolov et al., 2009, 2010;
Sutskever, 2013 and Kapturowski et al., 2018). Its main limitation is that the resultant gradient is blind to long-range
dependencies. Mujika et al. (2018) showed that on a simple copy task, T-BPTT failed to learn dependencies beyond
the truncation window. Tallec et al. (2017) demonstrated T-BPTT can even diverge when a parameter has a negative
long-term effect on a target and a positive short-term effect. A diagonal approximation to RTRL was used by Hochre-
iter and Schmidhuber (1997) in the original LSTM paper that scales linearly with the number of parameters. The same
approximation is also a special case of the SnAp-k algorithm proposed by Menick et al. (2021) when k = 1. Diagonal-
RTRL is not blind to long-term dependencies, but introduces significant bias in the gradient estimate for dense recurrent
networks.
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Existing approximations to gradient-based learning approximate the estimate of the gradient, but keep the function class
of the network the same. These approximations either introduce bias, which can result in poor performance or even
divergence, or noise in the gradient estimate, making learning extremely slow. In this work, we propose a different
strategy: instead of introducing bias or noise in the gradient estimate, we limit the function class of the RNNs to allow
scalable, unbiased and noise-free gradient estimation.

1.1 Recurrent learning

A recurrent neural network consist of a hidden state vector represented by ht ∈ Rd. The agent uses a weight vector
wt ∈ Rd to make a prediction yt at time t as:

yt =

d∑
k=0

ht,kwt,k (1)

where
ht = f (ht−1, xt, θt) . (2)

ht,k and wt,k are the kth element of ht and wt, respectively. θt are the parameters of the RNN at time t and f is the
dynamics function of the recurrent network. Given this notation, we can write the gradient of a prediction yt w.r.t the
parameters θ1:t as

∂yt
∂θ1:t

=
∂yt
∂ht

∂ht

∂θ1:t
(3)

We can expand the second term using the recursive relation:

∂ht

∂θ1:t
=

∂ht

∂θt
+

∂ht

∂ht−1

∂ht−1

∂θ1:t−1
(4)

to get
∂yt
∂θ1:t

=
∂yt
∂ht

(
∂ht

∂θt
+

∂ht

∂ht−1

∂ht−1

∂θ1:t−1

)
(5)

We can compute the gradient in equation 5 using BPTT or RTRL. BPTT stores the network activations from prior steps
and uses the expansion in equation 4 repeatedly to compute the gradient. RTRL, on the other hand, maintains the
jacobian ∂hk

∂θ1:k
using equation 4 at every step. To get the gradient w.r.t the prediction, it uses the pre-computed jacobian in

equation 3. As a results, gradients are readily available at every step. However, computing the jacobian using equation 4
requires O(|ht|2|θt|) operations and O(|ht|θt|) memory, and scales poorly to large networks.

2 Proposed methods

The key idea behind our methods is to structure a recurrent learning system in a way to make RTRL scale linearly with
the number of parameters. We propose three approaches: (1) Columnar networks, (2) Constructive networks, and (3)
Hybrid networks.

2.1 Columnar Networks

The first approach, called Columnar Networks, organizes the recurrent network such each scalar recurrent feature is
independent of other recurrent features. Let ht,k be the kth index of the state vector ht. Then, in columnar networks,

ht,k = fk(ht−1,k, xt, θt,k). (6)

Each fk outputs a scalar recurrent feature, and is called a column. θt,k are the sets of parameters of the column i and j,
and are disjoint for i ̸= j. A columnar network consists of d columns. The output of all columns are concatenated to get
d-dimensional ht. In this work, we implement each column as a single LSTM cell with a hidden size of one.

Because recurrent features in a columnar network are independent of each other, we can apply RTRL to each of them
individually. The computation cost of RTRL is O(|ht|2|θi|). For a single column, it reduces to O(|θi|), since |hi| = 1. The
cost for all the columns is

O(|θt,1|) + · · ·O(θt,n|) = O(|θt|). (7)
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Figure 2: Left: Comparison of the predictions produced by the different methods for the last 400 timesteps of training.
Right: Learning curves for the proposed and other online baseline methods on the trace patterning benchmark (lower
is better). All the runs are averaged over 30 seeds, and the error regions are the 95% confidence intervals. T-BPTT
uses a truncation length k=27—sufficient to capture the longest dependency in the data stream. Dense LSTM networks
trained with both T-BPTT and Diagonal-RTRL perform poorly. Columnar and constructive networks perform well;
hybrid networks, that combine columnar and constructive, perform the best, showing that both parallel learning, and
hierarchical learning is important.

2.2 Constructive and Hybrid Networks

In constructive and hybrid networks, the recurrent network is a directed acyclic graph (DAG) learned incrementally. We
initialize the vector w1 to be zero. Let d be a function from Z → Z that takes as input the index of a recurrent feature, and
returns the length of the longest path from the input x to the recurrent feature in the DAG. Learning in a constructive or
hybrid network happens in phases. First, we learn all recurrent features, and their corresponding wi for which d(aj) = 1.
Once those features have been learned, we freeze the θj for these features. The corresponding wj are not frozen and
continue to be updated. We then learn features for which d(aj) = 2. Note that these features may take as input the earlier
frozen recurrent features. We repeat this process until all the features have been learned. Once again, all wj continue to
be updated continually.

The benefit of the phased approach is that at any given moment, the features that are being learned are independent of
each other. As a result, RTRL stays scalable, and only requires O(|θt|) operations per step, similar to Columnar networks.

We call the special case when exactly one feature has d(i) = j, for all j the constructive network. The case when there
can be multiple features with the same value of d(.) are called hybrid networks, since they both learn incrementally, like
constructive network, and learn multiple independent features simultaneously, like columnar networks.

3 Empirical evaluation

We use the trace patterning environment introduced by Rafiee et al. (2022) to benchmark our algorithm. It is an online
prediction task, that requires the learner to discriminate between patterns—conditional stimuli (CS)—that are followed
by the scalar—unconditional stimuli (US)—with a time delay. The goal of the agent is to predict the discounted sum of
the US. Correct predictions require the ability to discriminate between patterns that lead to US from those that do not.
The time delay between the CS and US requires remembering information from the past. We use an ITI of (80, 120), ISI
of (14, 26), and 5 distractors. The US consists of 6 features, 3 of which are active to represent a pattern. Ten randomly
chosen patterns lead to the CS. For an explanation for all the terms, please refer to Rafiee et al. (2022).

3.1 Baselines

We report the results of our approaches and compare them to T-BPTT, and the diagonal approximation to RTRL. Both
T-BPTT and diagonal-RTRL use LSTM networks for learning. The sum of operations done for prediction and learning at
each step is the same for all methods. Because T-BPTT is a more expensive algorithm than other methods, the LSTM for
T-BPTT has fewer parameters to keep the computation per-step constant.
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3.2 Results

We use the TD(λ) algorithm for learning, and report the results in figure 2.2. We tune hyper-parameters for all meth-
ods independently over a wide range and plot the results for the best performing hyper-parameters. All three of our
approaches outperform truncated-BPTT and diagonal RTRL by a significant margin. The hybrid approach performs the
best, showing that both learning hierarchical recurrent features and learning many recurrent features in parallel improve
state construction.

4 Conclusion

We propose two algorithms—columnar RNNs and constructive RNNs—and show that they can learn to construct a
state for a prediction task. The two algorithms can be combined to give a third algorithm—hybrid RNNs—that combine
the strengths of both columnar and constructive. All three of our algorithms outperform LSTM networks trained via
truncated-BPTT or the diagonal approximation to RTRL on the trace patterning benchmark under a fixed computation
budget.
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