Chapter 8:Generalization and Function ApproximationpLook at how experience with a limited part of the state setbe used to produce good behavior over a much larger part.pOverview of function approximation (FA) methods and howthey can be adapted to RLObjectives of this chapter:

R. S. Sutton and A. G. Barto: Reinforcement Learning: An Introduction2

Value Prediction with FAAs usual: Policy Evaluation (the prediction problem): for a given policy p, compute the state-value function

Vp

In earlier chapters, value functions were stored in lookup tables.

Here, the value function estimate at time , , depends on a , and only the parameter vector is updated._{t V t}

tparameter vector rq e.g., could be the vector of connection weights of a neural network. rqt

R. S. Sutton and A. G. Barto: Reinforcement Learning: An Introduction3

Adapt Supervised Learning AlgorithmsSupervised Learning System

InputsOutputsTraining Info = desired (target) outputsError = (target output — actual output)Training example = {input, target output}

R. S. Sutton and A. G. Barto: Reinforcement Learning: An Introduction4

Backups as Training Examples

e.g., the TD(0) backup :

V s V s r V s V s

t t t t t()()()()

‹ + + -[ ] + + a g1 1

description ofs r V s

t t t,() + + +{ }11g

As a training example:inputtarget output

R. S. Sutton and A. G. Barto: Reinforcement Learning: An Introduction5

Any FA Method?pIn principle, yes:nartificial neural networksndecision treesnmultivariate regression methodsnetc.pBut RL has some special requirements:nusually want to learn while interactingnability to handle nonstationaritynother?

R. S. Sutton and A. G. Barto: Reinforcement Learning: An Introduction6

Gradient Descent Methods

r K q q q q

t= ( )

t t t Tn ( ), ( ), , ( ) 1 2

transpose

Assume is a (sufficiently smooth) differentiable function of , for all _V s S t trq ˛.Assume, for now, training examples of this form :

description ofs V st t, ()p{ }

R. S. Sutton and A. G. Barto: Reinforcement Learning: An Introduction7

Performance MeasurespMany are applicable but�pa common and simple one is the mean-squared error(MSE) over a distribution P :pWhy P ?pWhy minimize MSE?pLet us assume that P is always the distribution of states atwhich backups are done.pThe on-policy distribution: the distribution created whilefollowing the policy being evaluated. Stronger results areavailable for this distribution.

MSE PsVs Vs t t s S ( ) ( ) ( ) ( )q p = -[ ]˛� 2

R. S. Sutton and A. G. Barto: Reinforcement Learning: An Introduction8

Gradient Descent

Let be any function of the parameter space.

Its gradient at any point in this space is : f f f f f n t t t t t Trr r rKr r_q

q ¶ q ¶ q ¶ q ¶ q ¶ q ¶ q q�=�Ł� �ł�

( ) ( )( ) , ( )( ) , , ( )( ) . 1 2

q( )1q( )2

rq q qt t t T= ()( ), ( )12

r r rr

q q a qqt t tf

+ = - �1 ( )

Iteratively move down the gradient:

R. S. Sutton and A. G. Barto: Reinforcement Learning: An Introduction9

Gradient Descent Cont.

r r r r r r

q q a q q a q a q pp q

tt tt sS t tsS t tMSEP s V s V sP s V s V s V s + ˛ ˛ = - �

= - � -[ ]

= + -

[ ] � � � 1 2 1212 ( )( ) ( ) ( )

( ) ( ) ( ) ( )

For the MSE given above and using the chain rule:

R. S. Sutton and A. G. Barto: Reinforcement Learning: An Introduction10

Gradient Descent Cont.

r r r r

q q a

q a q p p q t t ttt t ttt ttV s V sV s V s V s

+ = - � -[ ]

= + -

[ ] � 1 2 12 ( ) ( )

( ) ( ) ( ),

Use just the sample gradient instead:Since each sample gradient is an unbiased estimate ofthe true gradient, this converges to a local minimum of the MSE if a decreases appropriately with t.

EV s Vs Vs Ps V s Vs Vs

t t t t t t s S t

p q p q()()()()()()()

-[]� = -[ ]�˛�r r

R. S. Sutton and A. G. Barto: Reinforcement Learning: An Introduction11

But We Don�t have these Targets

Suppose we just have targets insteadv

v V s V s t

t t t t t t t :

() ()

r r rqqa q

+ = + -[ ] �

1_{If each is an unbiased estimate of ,}

i.e., , then gradient descent converges to a local minimum (provided decreases appropriately).

v V s

E v V s t t t t p p a ( )

( ){}=

e.g., the Monte Carlo target :

v_R

R V s V s t t t t t t t t t=

=+-[ ] �

+_{r r} r

q q a q

1 ( ) ( )

R. S. Sutton and A. G. Barto: Reinforcement Learning: An Introduction12

What about TD(l) Targets?

r r r

q q a

l l qttttttt

R V s V s

+ = + -[ ]�

<1 1 ( ) ( )

Not for

But we do it anyway, using the backwards view : where: as usual, and

r r r

r r rqqadd ggl q

t t t t t t t t t t t t t te

r V s V s e e V s+++- = + = + -

= +� 1 1 1 1 ,()(),()

R. S. Sutton and A. G. Barto: Reinforcement Learning: An Introduction13

On-Line Gradient-Descent TD(l)

R. S. Sutton and A. G. Barto: Reinforcement Learning: An Introduction14

Linear Methods

Represent states as feature vectors :

for each s S n

s s s s T̨=( ):(),(),() r K f f f f 1 2 Vs i i

t tT s t s in ( ) ( ) ( )

= ==�r rqfqf1

� =rqV st () ?

R. S. Sutton and A. G. Barto: Reinforcement Learning: An Introduction15

Nice Properties of Linear FA MethodspThe gradient is very simple:pFor MSE, the error surface is simple: quadratic surfacewith a single minumum.pLinear gradient descent TD(l) converges:nStep size decreases appropriatelynOn-line sampling (states sampled from the on-policydistribution)nConverges to parameter vector with property:

� =r rq f V st s()

rq ¥

MSE MSE

( ) ( ) r r q g l g q¥ *£ --1 1

best parameter vector

(Tsitsiklis & Van Roy, 1997)

R. S. Sutton and A. G. Barto: Reinforcement Learning: An Introduction16

Coarse Coding f s s i

i

i s c ( ) exp = -

-

�

Ł

�

�

ł

� 2 2_2

description of ( ), t

s a v

t t

, { }r r

r q q a

q

t t t t t t t t

v Q s a Q s a

+

= + -[ ]�

1

( , ) ( , )r r r

r r r_r

q q a d

d g

g l q

t t t t

t t t t t t t t

t t t t t

e

r Q s a Q s a

e e Q s a

+

+ + +

-

= +

= + -

= +� 1 1 11 1 where

( , ) ( , )

( , )