R. S. Sutton and A. G. Barto: Reinforcement Learning: An Introduction1

Chapter 3: The Reinforcement Learning Problempdescribe the RL problem we will be studying for theremainder of the courseppresent idealized form of the RL problem for which wehave precise theoretical results;pintroduce key components of the mathematics: valuefunctions and Bellman equations;pdescribe trade-offs between applicability andmathematical tractability.Objectives of this chapter:

R. S. Sutton and A. G. Barto: Reinforcement Learning: An Introduction2

The Agent-Environment Interface

Agent and environment interact at discrete time steps :

Agent observes state at step :

produces action at step gets resulting reward :

and resulting next state :

t t s S t a A s r s

t t t t t

=

˛

˛

˛´

+

+

0 1 2

1

1

,,,

:()

K

Policyat step :

a mapping from states to action probabilities

probability that when

t

s a a a s s

t

t t t

,

(,)

p

p = = =

Suppose the sequence of rewards after step is:

What do we want to maximize?

t

r r r

t t t

+ + +

1 2 3,,,

K

In general,

we want to maximize the , , for each step

expected return E R t

t { } .

Rr r r

t t t T

= + + +

+ + 1 2 L , where is the .

R r r r r

t t t t k

t k

k

= + + + =

£ £

+ + + + +

=

¥

� 1 2

2

3 1

0

0 1 gg g gg L ,

, , discount rate

shortsighted 0 farsighted ‹ fi g 1

reward for each step before failure

return number of steps before failure

= +

� =

1 reward upon failure;

0 otherwise

return , for steps before failure

= -

� = -

1

g k_k

reward for each step where at top of hill

return number of steps before reaching top of hill

= -

� = -

1 not

s_tst j,_{where can be 1 only if a zero reward absorbing state is always reached.}^{R rt k t k}k^{= + +}=^{¥� g}_g^10^, Pr

for all and histories .

s s r r s a r s a r s a

s s r r s a

s r s a r s a r s a

t t t t t t t

t t t t

t t t t t

+ + - -

+ +

- -

= ¢ =

{ } = =¢=_{{ }} ¢

1 1 11100

1 1

11100

, ,,,,,,,,

Pr , ,

,, ,,,,,,,,

K

K

P s s s sa a ss Sa As

ss a

t t t ¢

+

= = ¢ = = { }

¢

˛˛ Pr, ,,(). 1 for all

R E r s sa as s ss Sa As

a

t t t t ¢

+ +

= = = = ¢ { }

¢

˛˛ 1 1^{, , , , ( ). for all} S

A

A

=

{ } = { } =

{ } high low

high search wait

low search wait recharge

,

( ) ,

( ) , ,R

R R R

search

wait

search wait

=

=

>

expected no. of cans while searching

expected no. of cans while waiting

State-value function for policy:p

g

p

p p V s E R s s E r s s t t k

t k t

k ( ) = = = =

�

�

�

�

�

�

+ +

=

¥

� 1

0

Action-value function for policyp

g

p

p p

:

( , ) , ,

Q s a E R s s a a E r s s a a

t t t k

t k t t

k ===_{{ }} = = =^�_� �

�

�

�

+ +

=

¥

�_1

0 R r r r r

r r r r

r R

t t t t t

t t t t

t t

= + + +

= + + +

( )

= +

+ + + +

+ + + +

+ + 122334 12324 11 g g g

g g g

g

L

L Vs ERs s

Er Vs s s

t t

t t t

p

p

p g

( ) = ={}

= + ( ) = { } + + 1 1

Vs sa P R Vs ss a

ss a

s a

p p

p g ( ) ( , ) ( ) = + ¢[]¢¢_¢�

Vs sa P R Vs ss a

ss a

s a

p p

p g ( ) ( , ) ( ) = + ¢[ ]_{¢ ¢} ¢

� �forV^pfor Q

p

p p

p p

‡

¢

‡˛

¢

if and only if for all

V s V s s S()()

Vs Vs s S *

=˛ ( ) max ( )

p p for all

Qsa Qsa s S a As

*

= ˛˛ ( , ) max ( , ) ( )

p p for all and

Vs Q sa

Er Vs s sa a

P R Vs

a A s

a A s t t t t

a A s ss a

s ss a

*

˛

˛

+

*

+

˛

¢

¢

¢

*

=

= + = = { }

= + ¢[ ] *

�

( ) max ( , )

max ( ) ,

max ( )

( )

( )

( )

p

g

g

1 1 V^*

Q sa Er Q s a s sa a

P R Q s a

t

a t t t

ss a

ss a

a

s

*

+

¢

*

+

¢ ¢

¢

*

¢

= + ¢ = = { }

= + ¢ ¢[ ] �

( , ) max ( , ) ,

max ( , )

1 1 g gQ^*

V^*V^*

Q^{*p*}_˛^{*=( ) arg max ( , )}_{( )}^{s Q s a}_{a A s}